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The growing uncertainty in global affairs, the increasing severity of natural disasters, and
the widespread impact of pandemics have exacerbated social anxiety. In this context, re-
mote sensing technology has become an essential tool for comprehensive societal monitoring.
Among these technologies, Synthetic Aperture Radar (SAR) and Inverse Synthetic Aperture
Radar (ISAR) stand out for their ability to provide high-resolution, continuous surveillance
regardless of time or weather conditions. This study seeks to enhance image radar tech-
nology by developing signal processing algorithms that introduce innovative system con-
cepts through multi-channel and distributed processing. A particular focus is placed on au-
tomated transportation and logistics systems, where precise detection and measurement of
objectssuch as satellites, aircraft, ships, and vehiclesare critical for assessing shape, posi-
tion, and movement. This research explores three key aspects of multi-channel processing:
(1) polarization-based processing for detailed observation of target shape and characteristics
using polarimetric SAR, (2) time-based processing for detecting moving targets and esti-
mating their velocities through SAR-GMTI, leveraging the concept of small SAR satellite
formation flight, and (3) spatial processing for simultaneously estimating target motion and
three-dimensional shape via distributed ISAR. For polarimetric SAR, advanced signal pro-
cessing techniques were developed to enhance resolution using polarization data, enabling
high-precision image reconstruction while minimizing data volume. Notably, the findings
confirm that reducing bandwidth by half does not substantially degrade image quality due to
compensatory ground-based processing, making this approach highly effective for mitigat-
ing data constraints in satellite applications. In SAR-GMTI, a deterministic algorithm was
formulated to improve the accuracy of detecting and estimating the velocity of slow-moving
targets. Airborne SAR flight experiments validated the capability to estimate the velocity of
targets moving at approximately 5 m/s with an error margin of 0.1 m/s, demonstrating the
feasibility of high-precision moving target surveillance. Furthermore, simulations of a for-
mation flight involving three small satellites revealed that optimizing baseline lengths enables
the reliable detection of slow-moving targets within a §1 m/s range. For distributed ISAR, an
algorithm was designed to estimate the three-dimensional shape of targets. ISAR typically
captures a sequence of images over time, generating projections from various perspectives.
This study leveraged this principle to develop a motion estimation algorithm, achieving a
position estimation error of less than 1 meter in theoretical analysis. The findings of this
research contribute to the advancement of high-precision remote monitoring systems and
provide a foundation for future technological innovations in the field.
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Chapter 1

Introduction

1.1 Motivation

This study aims to contribute to the realization of a society where safety and security are
firmly ensured. As the 21st century nears its quarter-century mark, humanity continues to
navigate daily life amid growing uncertainty and turmoil. From the September 2001 terrorist
attacks to the escalating geopolitical tensions exemplified by Russia’s invasion of Ukraine
in 2022, the devastation of natural disasters such as the Great East Japan Earthquake in
2011 and the increasing frequency of extreme weather events, along with the global out-
break of COVID-19 in 2019, the challenges confronting modern society are unprecedented.
At the same time, rapid advancements in information and communication technologies, cou-
pled with the rise of artificial intelligence and demographic shifts —such as declining birth
rates and aging populations— are driving the transformation of social systems toward greater
informatization, automation, and Al integration. Humanity stands at the threshold of an un-
charted era of coexistence with robots and AIl. While these innovations hold immense promise
for the future, they also introduce a subtle yet undeniable sense of apprehension. This re-
search is fundamentally guided by the question: “What measures are necessary to mitigate
these uncertainties and create a society where safety and security are truly ensured?” Under-
standing and addressing this challenge is central to this study.

In today’s increasingly interconnected world, where informatization, automation, and Al-
driven advancements continue to evolve on a global scale, ensuring a safe and secure society
demands a broad perspective capable of monitoring current conditions and emerging trends
worldwide. Remote sensing, the central focus of this study, is a technology that provides
such a perspective. Remote sensing encompasses a range of technologies used to observe
objects from a distance. These include satellite- and aircraft-mounted sensors that monitor
the Earth, as well as ground-based sensors designed to observe distant atmospheric and space
environments[1], [2]. By continuously assessing vast areas, remote sensing plays a critical
role in safeguarding society from natural disasters and accidents while also mitigating threats
posed by human-made hazards. It enables early detection of changes and rapid identification
of anomalies as they arise. Recognizing the significance of these technologies, the govern-
ment convened the Conference on Science and Technology Policy for Building a Safe and
Secure Society from 2003 to 2004[3]. This initiative aimed to comprehensively identify the
technological advancements necessary for achieving a secure society. The conference’s re-
port underscored the importance of remote sensing as a foundational technology, specifically
highlighting its role in “measurement and sensing technologies for rapid anomaly detection”
—one of the key areas warranting focused attention. Building upon these insights, this study
further explores the contributions of remote sensing in enhancing societal safety and security.

This study explores advancements in remote sensing technology, with a particular focus
on imaging radar techniques. Remote sensing sensors can be broadly classified into optical
and radio wave sensors. Radar, a primary example of a radio wave sensor, is capable of mon-
itoring vast areas, often spanning hundreds of kilometers. As an active sensor, radar enables
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continuous observation regardless of day or night. Additionally, by selecting appropriate
wavelengths, radar signals can penetrate clouds and rain, ensuring that observations remain
unaffected by weather conditions. These attributes make radar an invaluable tool for wide-
area surveillance and continuous monitoring, both of which are essential for maintaining
safety and security. However, radar faces resolution limitations, making high-detail observa-
tion of targets challenging. Imaging radar addresses this issue by employing advanced signal
processing algorithms to enhance resolution, enabling the acquisition of high-definition im-
ages of monitored objects. For natural disaster monitoring, key observation targets include
oceans, sea ice, rivers, forests, and crustal movements, necessitating a spatial resolution in
the range of several meters. By the 1990s, the technology behind synthetic aperture radar
(SAR) —a form of satellite-mounted imaging radar— had evolved to achieve meter-scale
resolution[4], [5]. As a result, from the 1990s to the 2010s, nations worldwide launched
SAR satellites dedicated to Earth observation. Japan has remained committed to the contin-
uous development and deployment of such satellites. Notable examples include Germany’s
TerraSAR-X (launched in 2007)[6], Canada’s Radarsat-2 (launched in 2007)[7], and Japan’s
ALOS-2 “Daichi-2” (launched in 2014)[8]. During this period, research into SAR appli-
cations for environmental monitoring, including disaster assessment, gained significant mo-
mentum[9], [10]. Conversely, when monitoring accidents and human-made threats, primary
observation targets include aircraft, ships, and vehicleswith artificial satellites now added
to the list. Detecting, identifying, and tracking these moving objects requires high spatial
resolution, typically around 10 cm, and high temporal resolution (observation frequency) of
several minutes or less, depending on target velocity. Historically, the movement of such ob-
jects was viewed as a threat primarily in military contexts. However, with the advancement
of autonomous driving technology and the demographic shift toward aging populations and
declining birth rates, reliance on automated transportation and logistics systems will continue
to grow. To ensure the proper functioning of these systems, continuous monitoring and rapid
anomaly detection will be crucial, driving a growing demand for imaging radar. Despite its
importance, research in this domain remains less developed compared to its applications in
environmental monitoring. Thus, this study aims to contribute to the development of imaging
radar technologies specifically designed for detecting, identifying, and precisely measuring
the shape, position, and movement of satellites, aircraft, ships, and vehicles.

1.2 Research Scope

Imaging radar technology, the focus of this study, enables the observation of target images
and is broadly categorized into two types: Synthetic Aperture Radar (SAR) and Inverse Syn-
thetic Aperture Radar (ISAR). SAR captures detailed surface images using radar mounted on
satellites or aircraft, making it a fundamental tool for Earth observation. ISAR, by contrast,
is designed to generate radar images of distant moving targets. Typically integrated into
ground-based or airborne radar systems, ISAR plays a crucial role in target identification,
helping to distinguish objects such as aircraft and artificial satellites.

The foundational concept of synthetic aperture radar (SAR) is credited to Carl A. Wiley
of Goodyear Aircraft Corporation, who first introduced the idea in an internal company report
in 1951 before filing a patent in 1954. However, due to its classification by the U.S. military,
the patent remained unpublished until 1965. Wiley initially termed his idea Doppler Beam
Sharpening (DBS) but later clarified the distinction between DBS and SAR in his memoirs,
explaining[11]: “I had the luck to conceive of the basic idea, which I called Doppler Beam
Sharpening (DBS), rather than Synthetic Aperture Radar (SAR). Like all signal processing,
there is a dual theory. One is a frequency domain explanationthis is Doppler Beam Sharp-
ening. If one prefers, one can analyze the system in the time domain insteadthis is SAR.
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The equipment remains the same —just the explanation changes.” This statement succinctly
captures the core principles of SAR technology and explains why Wiley is recognized as
its inventor, despite initially using a different term. During the 1950s and 1960s, SAR was
primarily developed for military reconnaissance, with the first satellite-mounted SAR system
launched in 1964 aboard Quill, an experimental satellite operated by the National Reconnais-
sance Office (NRO) [12], [13]. However, its existence remained classified until 2007. SAR
technology made its public debut in 1978, when the SEASAT Earth observation satellite
became the first officially acknowledged SAR system[14], [15]. In the 1980s, SAR develop-
ment was largely driven by the United States, with key missions including SIR-A (1982) and
SIR-B (1984)[16], [17] —both flown on the Space Shuttle— and the Magellan Venus explo-
ration satellite (1989)[18]. By the 1990s, SAR advancements became more internationally
collaborative, with Europe’s ERS-1 (1990)[19], [20] and ERS-2 (1995)[21], Japan’s JERS-1
(1992)[22], [23], and the U.S.-Germany joint project SIR-C/X-SAR (1994)[24], [25], fol-
lowed by Canada’s Radarsat (1995)[26]. The 2000s saw a decline in U.S. leadership in
SAR development while other nations accelerated technological advancements, particularly
through the integration of phased-array antennas, which significantly improved imaging per-
formance. Landmark missions from this era include Germany’s TerraSAR-X series[6], Italy’s
Cosmo-SkyMed series[27], Canada’s Radarsat-2[7], and Japan’s ALOS series[8]. By 2010,
satellite-mounted SAR technology had reached a major milestone. Since 2018, the SAR in-
dustry has undergone a radical shift, driven by the emergence of small satellite constellations
led by start-up companies[28]-[30]. This has significantly reshaped the landscape of SAR
market players. Looking ahead, satellite SAR observation frequency is expected to undergo
a dramatic improvement, transitioning from daily observations to hourly monitoring, further
enhancing its capabilities.

The origins of Inverse Synthetic Aperture Radar (ISAR) date back to the 1950s, with its
roots in radar astronomy[31]. To enhance the resolution of radar used for mapping the sur-
faces of the Moon and planets in the solar system, researchers leveraged Doppler frequency
shifts caused by planetary rotation, enabling them to generate radar images. The first suc-
cessful observations were conducted at the Millstone Hill Observatory in the United States,
capturing radar images of the Moon, Venus, and Mercury. Although the term ISAR was not
yet in use, the techniques applied were fundamentally the same as those of ISAR. By the late
1960s, radar systems were being developed specifically for satellite surveillance. Notable ex-
amples include the Lincoln C-band Observables Radar (ALCOR), designed by the Advanced
Research Projects Agency (ARPA)[32], and the Long Range Imaging Radar (LRIR) devel-
oped by Lincoln Laboratory[33]. During the late 1980s, ISAR applications expanded beyond
astronomical observation into maritime imaging using airborne radar and aircraft imaging via
ground-based surveillance radar. Unlike celestial bodies or satellites, these targets exhibited
nonlinear motion, necessitating advancements in motion compensation techniques. Around
this period, time-frequency analysis methods evolved, allowing ISAR to capture moving tar-
gets as dynamic images[34]—-[36]. In recent years, the increase in space debris within satel-
lite orbits and the growing geopolitical competition in space have intensified the demand for
space surveillance technologies. Consequently, ISAR-based imaging of artificial satellites
has once again gained substantial attention[37], [38].

Between the 1980s and 2010s, imaging radar technology was primarily driven by the
pursuit of higher resolution. However, since the late 2010s, advancements in hardware per-
formance and miniaturization have introduced new trends, particularly in multi-channel sys-
tems, compact designs, and distributed architectures. This study seeks to develop an in-
novative imaging radar system concept that harnesses multi-channel and distributed radar
technologies to detect and precisely measure the shape, position, and movement of objects
such as satellites, aircraft, ships, and vehicles. To accomplish this, the research focuses on
the development of signal processing algorithms for multi-channel imaging radar.
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The first research theme explores Polarimetric Synthetic Aperture Radar (PolSAR), which
leverages multi-channel polarization to accurately measure a target’s shape and reflective
properties. PolSAR transmits and receives two orthogonal polarizations, allowing for the
observation of polarization-dependent scattering characteristics. This approach enhances tar-
get analysis and visibility by overlaying images from different polarization channels to cre-
ate pseudo-color representations. However, POISAR generates four times the data volume
of conventional single-polarization SAR, leading to operational constraints, particularly for
satellite-based systems. To mitigate this challenge, a signal processing algorithm was de-
veloped to lower resolution during observation, reducing data volume, while subsequently
enhancing resolution during ground-based processing [39]-[44].

The second theme focuses on SAR-Ground Moving Target Indication (SAR-GMTI), a
technique for detecting moving targets on land and sea surfaces while estimating their veloc-
ity using multiple antenna apertures aligned along the direction of motion. Satellite-based
SAR systems hold significant promise for monitoring traffic patterns, disaster-stricken areas,
and security-related activities. However, detecting slow-moving targets ( 10 km/h) requires
widening the antenna aperture spacing to several tens of meters, making it challenging for a
single satellite to provide effective SAR-GMTI functionality. To overcome this limitation, a
signal processing algorithm was designed to facilitate a formation flight system of small SAR
satellites, enabling high-precision detection, position estimation, and velocity measurement
[45]-[48].

The third theme investigates three-dimensional shape estimation using an Inverse Syn-
thetic Aperture Radar (ISAR) system with distributed antenna apertures. Traditionally, ISAR
captures two-dimensional radar images, but improving target identification necessitates three-
dimensional shape observation, which has yet to be practically implemented. ISAR contin-
uously observes a single target over several seconds, producing a sequence of images from
varying projection angles. If the orientation of these projection planes can be determined, a
3D shape reconstruction becomes feasible. However, because projection angles are depen-
dent on target motion, motion and shape must be estimated simultaneously. To achieve this,
a multistatic system —characterized by its use of three distributed receiving channels— was
developed to capture three sets of ISAR images, enabling the joint estimation of a targets
three-dimensional shape and movement [49]-[51].

This research establishes signal processing algorithms for multi-channel imaging radar
with the overarching goal of advancing system concepts that utilize multi-channel and dis-
tributed radar architectures. To ensure feasibility, the study systematically formulates signal
processing algorithms for the three themes and defines the relationships between system pa-
rameters and performance metrics, enabling reliable scalability assessments.

1.3 Structure of the Thesis

This dissertation is structured into six chapters. Chapter 1 serves as the introduction, broadly
presenting the motivation behind this research. It discusses the role of remote sensing in fos-
tering a safe and secure society, provides a historical overview of imaging radar technology,
and identifies the challenges that must be addressed.

Chapter 2 outlines the fundamental concepts essential to this dissertation, covering the
principles of radar technology and imaging radar, along with an overview of multi-channel
imaging radar, establishing the technical foundation for the study.

Chapter 3 introduces a signal processing algorithm designed to enhance the resolution
of polarimetric SAR. It includes validation through computer simulations and experiments
using real SAR images, accompanied by performance evaluations conducted via simulations.
The evaluation begins by redefining polarimetric SAR resolution based on a novel resolution
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concept introduced in [52], followed by an analysis of its theoretical limits. The evaluation
then examines how closely the proposed method approaches these limits. To the author’s
knowledge, no prior research has extensively explored the theoretical boundaries of polari-
metric SAR resolution, making this study a significant contribution.

Chapter 4 presents a signal processing algorithm for SAR-GMTI (Ground Moving Tar-
get Indication), aimed at detecting, locating, and estimating the velocity of moving targets on
land and sea surfaces. It summarizes experimental validation using airborne SAR systems,
along with theoretical performance analysis of the proposed method. Additionally, this chap-
ter explores satellite deployment strategies optimized for a formation flight system of small
SAR satellites.

Chapter 5 introduces a signal processing algorithm for simultaneously estimating the
three-dimensional shape and motion of a target using an ISAR system with distributed an-
tenna apertures. It presents principle validation through computer simulations, as well as the-
oretical analyses crucial for system design optimization. Since the proposed system does not
currently exist and would require large-scale experimental setups, real-data evaluations were
impractical. Instead, assessments were conducted using electromagnetic scattering simula-
tions and 3D aircraft models, allowing for evaluations under conditions that closely resemble
real-world data.

Finally, Chapter 6 provides a comprehensive summary of the findings presented through-
out the dissertation and draws conclusions.



Chapter 2

Background

2.1 Radar principles and characteristics

2.1.1 Basic principles

Radar (RAdio Detection And Ranging) is a sensor which detects an object in a distance
by transmitting electromagnetic pulse and receiving the echo reflected back from it[53]-
[55]. Radar measures the distance r to the object by observing the propagation time T as
shown in Fig 2.1(a). An object of interest is commonly called “target” in the context of radar
technology, so we use the term “target” hereafter. Since the electromagnetic pulse propagates
in the speed of light c, the relation between the distance r and the propagation time 7 satisfies

the following equation:

AT @.1)
c 2

Once the radar measures the propagation time 7, then the distance r can be determined by
(2.1). Fig 2.1(b) illustrates the radar signal associated with one transmit pulse. The echo
reflected back from the target appears as a power peak at the propagation time 7 which
corresponds to the range r. Note that the horizontal time axis, which we call delay time axis,
can immediately be translated to the range axis by (2.1).

Early version of the radar, which was mostly developed in the early 20th century, literally
was a sensor for “detection and ranging”. Then in the middle of the 20th century, pulse-
Doppler radar, which measures the radial velocity as well as the range of the target, was
developed. The pulse-Doppler radar measures the radial velocity v, of the target by observing
the Doppler frequency fy as shown in Fig 2.2(a). Doppler frequency refers to the frequency

T
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propagation time T

pulse

power

distance r

s T delay time

(a) observation geometry (b) signal

FIGURE 2.1: Basic concept of Radar
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shift caused by Doppler effect, and the relation between the radial velocity v, and the Doppler
frequency fy satisfies the following equation:

_ 2 __fa
fd——;L S =T (2.2)

where A is the wavelength of the carrier frequency of the transmitted electromagnetic pulse.
Once the pulse-Doppler radar measures the Doppler frequency fj, then the radial velocity v;
can be determined by (2.2). Note that the pulse-Doppler radar measures the radial velocity
and the cross range, or azimuth, component of the velocity can not be measured.

Fig 2.2(b) illustrates the pulse-Doppler radar signal. The pulse-Doppler radar employs
multiple pulse echos to observe the Doppler frequency. The radar sends out the pulses con-
secutively, and at each pulse, the radar receives the echo reflected back from the target. Then
the received signal is stored in a 2D matrix as shown in this figure. The signal along the
delay time axis represents the received signal corresponding to each pulse. At each pulse,
echo reflected back from the target appears as a power peak at the propagation time 7. The
signals corresponding to the pulses are arranged in order along the time axis according to
pulse transmission timing. Strictly speaking, the propagation time 7 slightly changes pulse
by pulse as the target moves; therefore, the peak position moves accordingly. But in practice,
the observation time is short enough, so that the change in 7 during one set of observation
is negligible compared to the resolution of the system. (The issues on resolution will be dis-
cussed later in this section.) While the position of the power peak can be treated as if it stays
the same during observation, the signal phase change can not be ignored. The phase ¢ of the
echo reflected back from the target at range r is represented as:

dmr

o=——" (2.3)

Therefore, the rate of change of the phase ¢ can be derived as:

. Ay 4y,
=TT

(2.4)
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radar Doppler frequency
(a) observation geometry (b) signal

FIGURE 2.2: Basic concept of Pulse Doppler Radar
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Note that the radial velocity v, is 7 by definition. Then the complex envelope of the signal at
the peak position, i.e., Z(¢) in Fig 2.1(b), can be modeled as:

Z(1) :Aexp{(f)t} :Aexp{—47;vrt} = Aexp{2nfyt}, (2.5)

where ¢ is the time that represents the pulse transmission timing. Observing the equation
(2.5), one can see that if we apply Fourier Transform to the received signal in the time ¢
direction, we will get a peak at the Doppler frequency fy as shown in the bottom of Fig 2.1(b),
which is called range-Doppler domain signal. The pulse-Doppler radar detects the signal in
the range-Doppler domain, and measures the range and the radial velocity of the target from
the signal peak position.

2.1.2 Resolution of radar

The performance of the radar is measured by several factors. Given that radar sensors are
designed to detect distant targets, their maximum detection range naturally emerges as the
most critical specification. Another important performance index is resolution. Radar resolu-
tion is the ability of a radar to separate the echos from different targets, if there exist multiple
targets close to each other. The echos from these targets may merge into one, making the
radar unable to perceive how many targets there are. But in many cases, it is very important
to know the number to get a clear grasp of the situation. In this section, we further discuss
the resolution of the radar as an introduction to imaging radar technology, since imaging
radar primarily is the technology to enhance the resolution of the radar. The maximum de-
tection range and other performance indices are not discussed in this section, although they
are equally important as resolution. Readers are encouraged to read a basic textbook on radar
technology such as [55].

As stated before, the definition of radar resolution is simple: the ability of a radar to
separate the echos from different targets. However, if you try to take a deep dive on how to
quantify the resolution, you immediately notice that it is almost impossible to derive metrics
that perfectly reflect this definition. Because if the echo can be resolved by the radar heavily
depends on the characteristics of the targets, such as the size, reflectivity and so on [56].
Therefore, the engineers usually employ “the Rayleigh criterion for the diffraction limit” to

angular resolution

range resolution

Ar

R
radar T

FIGURE 2.3: The resolution of the radar



Chapter 2. Background 9

express the resolution of radar systems. The number is independent of the characteristics of
the targets, and it can be derived directly from the radar system parameters. It is a nominal
number that gives rough idea of how well the radar system will be able to resolve the echos
from the targets close to each other.

The resolution of radar is defined in two directions: range direction and angular direction,
as shown in Fig. 2.3. The range resolution Ar describes the resolution capability over the
distance. The Rayleigh criterion for the diffraction-limited range resolution is defined by the
bandwidth B of the transmitted pulse as follows:

c

Ar= S
"= 2B

(2.6)
The angular resolution A6 describes the resolution capability over the angular direction. The
Rayleigh criterion for the diffraction-limited angular resolution is defined by the antenna
aperture size L as follows:

A
AO = I (2.7

For the pulse-Doppler radar, the resolution in the Doppler frequency domain is another
important metric. The Rayleigh criterion for the diffraction-limited resolution can also be
derived in the Doppler domain, and it is defined by the observation time T as follows:

Afa= 1 (2.8)
d= T .
Note that once the Doppler frequency resolution is identified, the radial velocity resolution
Av; can immediately be derived from (2.2) as:

CAfadA A

A -~
't T T or

(2.9)

Fig. 2.4 (a), (b) and (c) summarizes the relationship in (2.6), (2.7) and (2.8), respectively.
As one can see from these figures, the finite bandwidth, the finite antenna aperture and the
finite observation time define the range, angular and Doppler frequency resolution, respec-
tively in the same manner. To get a rough idea of the actual values of the radar resolution,
let us consider a sample radar system whose system parameters are listed in Table 2.1. For
this radar system, the range resolution Ar is 10m, the angular resolution A0 is 0.01 rad, the
Doppler frequency resolution fy is 200Hz the radial velocity resolution Av; is 3m/s. Note
that these numbers do not guarantee that the radar can always resolve the echos from the
targets, if the distance between the targets or the velocity difference of the targets are larger
than these numbers.
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FIGURE 2.4: The resolution of the radar

TABLE 2.1: A sample radar parameters

parameter value
antenna aperture length L 3m
wavelength of the carrier frequency A 3cm
bandwidth B | 15MHz
observatron time T | Smsec
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2.2 Imaging radar principles and characteristics

2.2.1 Imaging radar systems

Imaging radar is an application of pulse-Doppler radar which observes high-resolution two-
dimensional images of targets. There are two types of imaging radar: Synthetic Aperture
Radar (SAR) and Inverse Synthetic Aperture Radar (ISAR). The concept of imaging radar
emerged soon after pulse-Doppler radar was invented. SAR was invented by Carl A. Wiley as
early as 1951, while the concept of ISAR was formulated a little bit later in the 1950s. Both
SAR and ISAR technologies were developed at an accelerated pace from the 1980s with the
development of digital signal processing technology and digital computers.

Fig. 2.5(a) illustrates the SAR observation geometry and an example of SAR image. SAR
observes landscape image with pulse-Doppler radar system mounted on aircraft or satellite
and points sideways. As the platform moves along its flight path or orbit, the radar sends
pulses to the planet’s surface sequentially and receives the reflected signal. After some signal
processing, it obtains the image of a strip of surface along the flight path. Applications of
SAR include environmental monitoring, earth-resource mapping, monitoring of marine and
coastal environments, surveillance and so forth. Fig. 2.5(b) illustrates the ISAR observation
geometry and examples of ISAR image. ISAR observes images of moving objects such as
aircraft in flight, ships at sea, satellites in orbit, asteroids and so forth. Typically, ISAR is
implemented as a function of multifunction radar (MFR) which performs many functions
such as surveillance, tracking and target recognition. The radar could either be stationary or
mounted on moving platforms. Essentially, it is the relative motion of the target to the radar
which is exploited to observe the target image.

The advantage of the imaging radar over optical sensor is its all-weather and day-night
imaging capability. Since radar is an active sensor which transmits microwave to observe the
target, it does not require daylight for observation. In addition, imaging radar can provide the
target image regardless of weather, since microwave penetrates through clouds. Therefore,
imaging radar provides an ideal means for continuous monitoring of airspace, sea area and
land area.
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FIGURE 2.5: Types of imaging radar
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2.2.2 Synthetic aperture radar

Synthetic aperture radar (SAR) is a type of imaging radar system, which observes high-
resolution images of landscape. Fig. 2.6 illustrates the SAR observation geometry. A radar
system is mounted on a platform such as satellite or aircraft. The radar transmits pulses to the
side of the platform and towards the planet surface, then it receives the echo reflected back
from the surface. As the platform moves along the orbit or flight path, the radar repeatedly
transmits pulses and records the reflected signals. The SAR image, observed in this manner,
can represent the image projected onto the plane spanned by the vectors notated as range and
azimuth in Fig. 2.6. The range direction refers to the direction of the beam center, or radar
line of sight, and the azimuth direction refers to the direction parallel to the orbit, or along
track direction. The received signal looks like an image when the spatial resolution, defined
by range resolution Ar and azimuth resolution Aa , is sufficiently high.

The range resolution Ar is the same as that of normal radar, and it is defined by the

bandwidth B as follows: c

2B
To be precise, the range resolution Ar is defined along the radar line of sight on the image
projection plane, and since the image plane is slanted, Ar is often referred to as “slant range
resolution.” SAR systems typically use very wide bandwidth to obtain high resolution image.
For example, Capella-SAR, one of the latest modern spaceborne SAR systems, employs
600MHz to achieve the slant range resolution of 25cm.

The azimuth resolution Aa is determined by the angular resolution A6 of the radar. The
azimuth resolution corresponds to the width of the beam footprint at the surface; therefore, if
the distance between the radar and the surface is r, the azimuth resolution would be defined
by A8 as follows:

Ar (2.10)

Aa = RAO = ALR, @2.11)

where the last equation is derived from (2.7). However, the azimuth resolution predicted by
(2.11) is, in fact, far from satisfactory. For example, if we assume that the antenna aperture

SAR image
Projection plane

FIGURE 2.6: Observation geometry of Synthetic Aperture Radar
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length L is 3m, the wavelength of the carrier frequency A is 3cm and the distance between the
radar and the surface r is 500km, then the azimuth resolution Aa becomes 5,000m, which is
too large for the signal to look like an image. To obtain a reasonable azimuth resolution, e.g.
a few meters or less, the antenna aperture length is required to be several kilometers, which
is unrealistic.

SAR solves this problem by utilizing the motion of the platform to virtually “synthesize”
a long antenna. As stated before, the radar repeatedly transmits pulses and records the re-
flected echo while the platform moves along the orbit. Then the SAR system add up the
received signals that are transmitted and received while the platform travels the distance of
synthetic aperture length Ly, shown in Fig. 2.6 to virtually obtain a much narrower beam
width 6g,. Then high azimuth resolution Aa can be achieved as follows:

AR

Aa = RAG,, = .
. Y

(2.12)

For example, if A is 3cm, r is 500km and the synthetic aperture length Lg, is 5,000m, then
the azimuth resolution Aa is 1.5m.

SAR achieves the azimuth resolution in (2.12) as long as the targets in the scene are sta-
tionary during data acquisition. What happens to the moving target signal will be thoroughly
studied in Chapter 4.

Fig. 2.7 illustrates the principle of SAR image formation processing. In this figure, two
point targets are assumed to exist in the observed scene as shown in Fig. 2.7(a). As shown in
Fig. 2.7(b), the echo from the two point targets form the curved trace in the received signal.
This is because the distance to the point target varies as the radar moves by the point target;
at first, the platform gets closer to the point target, and when the platform passes by looking
sideways at the point target, the distance becomes minimum, then the point target gets farther
away as the platform goes on.

In fact, the changes in the distance and phase of the reflected signal from a point target
can be calculated from the observation geometry in advance. Based on this prior knowledge,
a reference signal is generated. Then, SAR image formation processing is to calculate the
correlation between the observed signal and the reference signal. In other words, SAR image
essentially is a 2D correlation function between the observed signal and the reference sig-
nal. Since performing this correlation processing in the time domain requires an enormous
amount of computation, various methods have been proposed to perform high-speed correla-
tion processing in the frequency domain. The most commonly used algorithms include range
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pulse hit azimuth
wl—' 9]
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echo echo
from from
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(a) point targets (b) image formation process

FIGURE 2.7: The principle of SAR image formation
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doppler algorithm (RDA), chirp scaling algorithm(CSA) and w-k algorithm (OKA). The de-
tails of these SAR image formation algorithms lie outside the scope of this thesis, and we
refer the interested readers to [5] and the references therein for a detailed review.

2.2.3 Inverse synthetic aperture radar

Inverse synthetic aperture radar (ISAR) is another type of imaging radar used to observe two-
dimensional image of a moving target in a distance, such as a ship, an aircraft, a satellite and
so forth [54]. While SAR images are generated by the motion of the sensor platform with
respect to the target, ISAR images are generated by target rotation relative to the radar.

In the ISAR observation, the radar tracks the target of interest and repeatedly transmits
pulses to the target. Fig. 2.8(a) illustrates the ISAR observation geometry. The operation
is basically the same as the pulse-Doppler radar. In fact, the ISAR equipment is nothing
but a pulse-Doppler radar. In order to observe an image of the target, ISAR utilizes wide
bandwidth signal to obtain high range resolution. The rage resolution of ISAR is also given
by:

<
=55
Typically, an ISAR system employs bandwidth of 150MHz or more to obtain the range res-
olution higher than 1m. As a result, the target echo signal is “resolved” in range direction as
shown in Fig. 2.8(a). Fig. 2.8(b) illustrates the ISAR signal. It is just like the pulse-Doppler
radar signal shown in Fig. 2.2(b). The difference is that the propagation time 7, of the n-th
pulse can not be regarded as constant. It is because the range resolution is high and the small
change in the distance is observable, in the first place. In addition, the observation time is
relatively long in order to obtain high Doppler resolution. The translational motion is com-
pensated as the first step of the ISAR signal processing, and the range profiles are aligned as
shown in the bottom part of Fig. 2.8(b).

After the translational motion is compensated, the rotational motion component remains
in the signal. Fig. 2.9 illustrates this effect. The red arrows represent the radar line of sight.
Paying attention to these red arrows in Fig. 2.9(a), we can see that as a target moves along
its path, the target aspect angle changes. Removing the translational motion, the remaining
component is rotational motion relative to the radar line of sight as shown in Fig. 2.9(b).

Ar (2.13)
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FIGURE 2.8: ISAR observation geometry and signal
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Fig. 2.10(a) and (b) illustrate the relationship between the target rotational motion and
the ISAR image plane. In both figures, the target consists of four point targets a, b, c and d,
which are located on x-y plane, and the radar line of sight is along y-axis. In Fig. 2.10(a), the
target rotates clockwise around z-axis, and in Fig. 2.10(b) the same target rotates clockwise
around x-axis. In Fig. 2.10(a), as the target rotates, the point target “a” moves closer to the
radar, so the echo signal from “a” has a positive Doppler frequency. On the other hand, “c”
moves away from the radar, and the echo signal from “c” has a negative Doppler frequency.
The point targets “b” and “d” move across the radar line of sight so the echo signal from
them have zero Doppler frequency. Therefore, if we project this signal onto range-Doppler
domain, it will look like the bottom of Fig. 2.10(a). In Fig. 2.10(b), as the target rotates, the
point targets “a” and “c” stay at the same position, and the point targets “b” and “d” move
across the radar line of sight. Therefore,the echo signal from four targets have zero Doppler
frequency. Then the image will look like the bottom of Fig. 2.10(b).

From these examples, we observe that ISAR image plane is defined by the radar line of
sight and the direction of rotation of the target. To be precise, let us define the radar line of
sight vector 7, and the instantaneous angular velocity vector @. Then the ISAR image plane
is spanned by radar line of sight vector 7 and the vector cross product of 7 and @, i.e., 7 X @.
[54]. In the case of Fig. 2.10(a), radar line of sight vector 7 is [0, 1,0] and the instantaneous
angular velocity vector @ is [0,0,—1]. Then the cross product of 7 and @ is 7 x & = [1,0,0].
Hence, the image plane is defined by [0, 1,0] and [1,0,0], which is x-y plane. In the case
of Fig. 2.10(b), the instantaneous angular velocity vector is @ = [—1,0,0]. Then the cross
product is 7 x & = [0,0, 1]. Hence, the image plane becomes y-z plane.

The Doppler resolution is the same as pulse-Doppler radar:

1
Afa= T (2.14)

The achieved resolution in the cross-range dimension is:

(2.15)

(b) rotational motion

FIGURE 2.9: ISAR observation geometry
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FIGURE 2.10: Target rotational motion and ISAR image plane

where A is the center wavelength and A is the angle that the target is viewed during the
observation time. The value of A0 is typically no more than a few degrees in ISAR imaging.
For example, if the observation time 7 is 0.5sec, the Doppler resolution is 2Hz. If the instan-
taneous angular velocity of the target rotational motion during the observation is 2 deg/sec,
then AG = 2 x 0.5 = 1deg. With the center wavelength A = 3cm, the cross-range resolu-
tion Aa is 0.85m. In reality, cross-range resolution can not be designed in advance, because
this value is determined by the target motion. An ISAR image is a range-Doppler image and
physical dimension in the cross-range direction can not be measured by an ISAR image. This
issue will be thoroughly discussed in ChapterS.
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2.3 Multi-channel Imaging Radar

2.3.1 The technological trend and the scope of this study

The term “multi-channel imaging radar” refers to an imaging radar system with multiple
transmit and receive channels. Modern radar systems as well as imaging radar systems oper-
ate with multiple transmit and receive channels to enhance the system performance.

Fig 2.11 shows the technological trend of the multi-channel imaging radar systems. Al-
though multi-channel SAR systems have been studied since 1980s and some experimental
systems were developed in 1980s and 1990s, it was not until the beginning of the 21st cen-
tury that they were put into practical use. ALOS-2, which was launched in 2014, is one of
the early operating earth observation satellites with spaceborne multi-channel SAR systems.
It employs dual receive channels to achieve higher resolution with wider swath width and ad-
ditional two receive channels to achieve polarimetry capability. ALOS-4, launched in 2024,
is equipped with 12 receive channels to realize DBF (Digital Beam Forming) capability to
drastically expand the swath width. This trend has caused the increase in the size and weight
of satellites; in fact, ALOS-4 is 1.5 times heavier than ALOS-2. The next generation of
spaceborne SAR systems, on the other hand, are expected to consist of multiple small satel-
lites, instead of pursuing even larger system. The satellites will be made to operate together
and expand the functionality of spaceborne SAR systems with distributed sensing capability.
MEFR and surveillance radar systems with ISAR capability follow the same trend. The latest
operating system such as SPY-6 radar employs many receive channels to achieve DBF capa-
bility. Since the system has become very large, there is a growing trend toward distributed
system. Japanese space surveillance radar developed in 2024 is an example of such a system.
However, ISAR capability with distributed radar is yet to be realized.

The applications of multi-channel SAR system include high-resolution wide-swath imag-
ing, polarimetry and moving target observation. While target motion and three dimensional
shape estimation is the main application of multi-channel ISAR system. This study focuses
on signal processing algorithms for polarimetric SAR, SAR moving target observation and

Scope of this study

Single channel SAR Polarimetry + Dual Receive  Polarimetry +DBF Formation Flight SAR
(number of channels:1) (number of channels:4) (number of channels:12) (number of channels:N)

@,
g, MM "i«» P X

SAR
JERS-1 (1992~) ALOS-2 (2014~) ALOS-4 (2024~) (yet-to-be-realized)
MFR Single channel radar DBF radar Distributed radar
(number of channels:1) (number of channels:9, 24, 37) (number of channels:N)

Surveillance

RADAR
with
(potential)
ISAR
capability :
TIRA SH-60K SPY-6 Space Surveillance Radar
(1980s~) (2001~) (2024~) (2024~)

FIGURE 2.11: Multi-channel SAR and Multi-channel Radar
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ISAR target motion and three dimensional shape estimation. The high-resolution wide-swath
SAR imaging technology using the multi-channel has been widely studied, since the most
important performance indicators of a SAR system are resolution and the swath width. This
topic is outside the scope of this study, and we refer the interested readers to [S7]-[64].

2.3.2 Polarimetric SAR

Advances in polarimetric SAR technology have shown the effect of polarization information
on various applications such as target detection, identification, land cover classification, and
so forth [65]-[71]. Under the far-field assumption, the polarization property of a target
is described by a 2 x 2 scattering matrix. A polarimetric radar measures the scattering ma-
trices of targets by transmitting and receiving two orthogonal polarizations. In most cases,
horizontal(H) and vertical(V) polarizations are employed, and four sets of target response

Horizontally polarized antenna
and
Vertically polarized antenna

[ Horizontally and Vertically polarized }

pulses are transmitted alternately

FIGURE 2.12: The pulse transmission sequence of a polarimetric SAR

FIGURE 2.13: An example of polarimetric SAR images
(DATA collection: NASA/JPL AIRSAR (San Francisco Bay area)
Frequency: L-band (1.225GHz), Resolution :10m(range) /3m(azimuth))
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FIGURE 2.14: An example of false color polarimetric SAR image

Polarimetric SAR image of a ship Resolution enhanced image

FIGURE 2.15: Resolution enhancement method for Polarimetric SAR

signals, denoted HH, HV, VH and VV channels, are observed!. Fig. 2.12 shows the prin-
ciple of polarimetry. The four scattering matrix elements are measured by first transmitting
a pulse through the H antenna and subsequently receiving signals simultaneously on both H
and V antennas. The next transmission utilizes the V antenna for transmitting, again followed
by simultaneous receiving on both antennas[65]. An example of polarimetric SAR image is
shown in Fig. 2.13. The polarimetric SAR image consists of four images corresponding to the
four elements of scattering matrix, i.e., HH, HV, VH and VV channels. The scattering ma-
trix carries information about the structure of the target; typical scattering mechanisms that
are observed by polarization are rough surface scattering caused by bare soil or water, double
bounce caused by buildings and volume scattering caused by the leaves and branches in a for-
est canopy. (see Fig. 2.14(b)). Fig. 2.14(a) is a false color representation of the polarimetric
SAR image, where rough surface, double bounce and volume scattering components are rep-
resented in blue, red and green, respectively. Fig. 2.14(a) clearly shows that the polarimetric
SAR is very effective in discriminating the scattering mechanisms of the Earth’s surface in
detail. However, the data volume becomes four times that of single-polarization SAR, which
is problematic for spaceborne SAR systems, because downlink bandwidth cannot keep up
with the accumulating data volume. To get around this problem, we have developed a sig-
nal processing algorithm to enhance the spatial resolution of polarimetric SAR images. The
data volume to be downlinked can be reduced by lowering the resolution during observa-
tion and then the resolution is recovered on the ground, if we apply the proposed method to
the observed low resolution polarimetric SAR image. Fig.2.15 shows a sample result of the

UIn this thesis, “HV channel” represents the target response signal when horizontal polarization is transmitted
and vertical polarization is received.
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proposed algorithm, and it will be thoroughly discussed in chapter 3.

2.3.3 SAR moving target observation

SAR is designed and exceptionally effective at imaging stationary scenes, because its pro-
cessing relies on coherently integrating echoes over time to synthesize a large aperture. When
targets move, the assumption of stationary reflectors breaks down. The coherent integration
designed for a static scene is disrupted by the varying Doppler shifts and phase errors intro-
duced by the target’s motion. As a result, moving targets often appear defocused or displaced
in the SAR image. The signal from a moving target may be smeared or substantially weaker
compared to the returns from stationary objects, making them difficult to identify without
additional processing

SAR-GMTI (Synthetic Aperture Radar - Ground Moving Target Indication) has been
studied to overcome these limitations. Fig. 2.16 shows the basic idea of SAR-GMTI. As
shown in Fig. 2.16 (a), SAR-GMTTI is a multi-channel SAR system, which employs two or
more antenna apertures configured along the flight path direction, i.e., the along-track direc-
tion. Fig. 2.16 (b) shows an example of the observed SAR images obtained by an airborne
SAR-GMTI system. Top two SAR images are observed by antenna 1 and 2 respectively.
They are basically the same images. The difference is the time of observation. As one can
see in Fig. 2.16 (a), the interval Ar between antenna 1 traversing a specific point and antenna
2 following suit is given by:

At = v (2.16)
where d is the distance between the two antennas (referred to as "baseline"), and V, is the
platform velocity. The two SAR images can be regarded as having been captured from the
same location, separated by a Az-second interval. The signals from the stationary targets,
of course, do not change during the interval, but the signals from moving targets change.
Typically, the interval At is so small that the signal peak position shift is negligible compared
to the range resolution. On the other hand, the signal phase is different. The phase difference
A¢ of the target with velocity Vi is:

4V, gt At
Ap = =82 (2.17)
A
SAR image SAR image
observed by observed by
antenna2 antennal flight path antennal antenna2
=

Moving
target
signal
moving target ' lvtgt
(a) observation geometry (b) SAR-GMTI image

FIGURE 2.16: The principle of SAR-GMTI
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FIGURE 2.17: SAR-GMTI system based on a formation of small satellites

As a consequence, if one calculate the difference between the two images, signals from
stationary targets are eliminated and only signal from moving target remains as shown in
Fig. 2.16 (b).

When the concept of SAR-GMTI is applied to spaceborne system, it suffers from low
performance for detecting slowly moving targets, due to the relatively short baseline for
the very high velocity of the satellite. For example, the achievable baseline is on the order
of d = 5m for a spaceborne system, while typical platform velocity is about V, = 7,300
m/s. In that case, the time interval between the two image acquisitions is At = 0.68 ms.
A vehicle traveling at 10 km/h (2.7m/s) moves only 1.9mm during that interval. So if the
wavelength is A = 3cm, the phase difference would be Aphi = 0.257rad. To resolve this
problem, the baseline needs to be expanded to several tens of meters. Recent advances in
small satellite technology have made it possible to realize such a system based on formations
of small satellites as shown in Fig. 2.17. We have developed a signal processing algorithm
that enables the detection, position estimation, and velocity estimation of moving targets,
assuming a small satellite formation flight system, and it will be thoroughly discussed in
chapter 4.

2.3.4 ISAR target motion and three dimensional shape estimation

ISAR is a technique for observing two dimensional (2D) images of targets from radar re-
ception signals, and it is used as a target identification function in high-resolution radars. In
order to enhance the target identification ability, there is a strong desire for three dimensional
(3D) shape observation to improve target identification performance.

But before we dive into the 3D shape estimation problem, we need to address the Doppler
scaling problem. As shown in Fig. 2.9, ISAR images are organized in the range-Doppler do-
main, where one axis represents the range and the other represents the Doppler frequency.
The Doppler frequency axis reflects the motion-induced frequency shifts. In order to deter-
mine the target dimension, the Doppler frequency axis need to be scaled and transformed into
the cross-range dimension. However, this mapping is not straightforward due to the depen-
dence of the Doppler frequency on the target’s motion geometry, leading to what is known as
the Doppler scaling problem. Essentially, it requires some additional source of information
to estimate the target motion geometry.

The problem of target motion estimation for ISAR imaging has been addressed in some
literatures in contexts of optimum imaging time selection, estimation of cross-range scaling,
and so on [72]—-[75]. Pastina et al. and Munoz-Ferreras et al. have proposed algorithms for
the rotational motion estimation of ship targets [72]-[74]. These algorithms put almost no
impact on the hardware requirement, but the application is limited to ship targets, i.e., some
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FIGURE 2.18: The principle of multi-channel ISAR

a priori knowledge of the basic shape of ships, such that there usually are a deck and a mast,
is exploited. On the other hand, a generic approach for the motion estimation is proposed by
Stuff et al. [75]. This method is based on a range tracking of the scattering centers and no
assumption is made on the target shape other than that it contains some prominent scattering
centers. However, it requires a system with very high range resolution for accurate range
tracking.

The multichannel ISAR system as shown in Fig. 2.18(a) is another solution to the target
motion estimation. In addition, we have discovered that multichannel ISAR system not only
enables to measure the target motion, but it simultaneously enables to estimate the target’s
three dimensional (3D) shape.

ISAR typically observes the same target continuously for several seconds and generates
multiple consecutive ISAR images just like a movie. Fig. 2.18(b) shows the ISAR movie
observed by the multichannel ISAR system. Note that the obtained ISAR movie is a collec-
tion of multiple images with different projection planes. Once the target motion is estimated,
those projection planes are determined, and hence 3D shape can be estimated from those
set of ISAR images. We have developed a signal processing algorithm that measures three
sets of ISAR movies using a multichannel system composed of three receiving systems, and
estimates the 3D shape and motion of the target simultaneously based on that information. It
will be thoroughly discussed in chapter 5.
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Chapter 3

Resolution Enhancement Method For
Polarimetric SAR

3.1 Introduction

Polarization information has been widely utilized in applications such as target detection,
identification, and land cover classification ([65]-[68]). In particular, advancements in Pol-
SAR (Polarimetric Synthetic Aperture Radar) technology have demonstrated its impact across
various domains [69]-[71]. Under the far-field assumption, a target’s polarization properties
are represented by a 2 x 2 scattering matrix. Polarimetric radar systems measure these ma-
trices by transmitting and receiving two orthogonal polarizations, typically horizontal (H)
and vertical (V). Consequently, four sets of target response signalsHH, HV, VH, and VV
channelsare observed'.

However, polarization information in SAR is often obtained at the cost of azimuth res-
olution due to system constraints such as bandwidth constraints in data downlink transmis-
sion[76]. For example, Fig. 3.1 presents TerraSAR-X High Resolution SpotLight (HS) im-
ages of an airport terminal, with (a) and (b) depicting HH images from the dual and single
polarization modes, respectively. Fig. 3.2 shows magnified images of aircraft from Fig. 3.1,
where (a) and (b) correspond to HH and VV images in dual polarization mode, (c) presents
a composite of HH (red) and VV (blue), and (d) displays a single-polarization HH image.
Comparing (a)(c) with (d), the aircraft’s shape appears clearer in the single-polarization
image. Additionally, while strong target-ground interactions at the tailplane are visible in
single-polarization mode, they are less discernible in dual-polarization mode due to resolu-
tion limitations. This is regrettable, as polarimetry offers valuable insights into interpreting
the target-ground interaction scattering mechanism, as highlighted in [77].

This chapter introduces a super-resolution algorithm tailored for polarimetric SAR, based
on bandwidth extrapolation (BWE) [78]-[80]. The proposed polarimetric bandwidth ex-
trapolation (PBWE) [41], [42] leverages full polarization information to enhance resolution
beyond conventional BWE methods while preserving scatterers’ polarization properties. Ad-
ditionally, this chapter extends PBWE to a two-dimensional (2D-PBWE) approach, utilizing
a 2D polarimetric linear prediction model to expand spatial frequency bandwidth in both
range and azimuth directions simultaneously.

This chapter is organized as follows. Section 3.2 summarizes the proposed polarimetric
bandwidth extrapolation (PBWE) and two dimensional PBWE (2D-PBWE) method. Sec-
tion 3.3 presents a numerical example showing the performance of 2D-PBWE, and sample
results obtained with real polarimetric SAR images. Section 3.4 provides the theoretical
performance analysis of PBWE. Finally, Section 3.5 provides the conclusion.

1“HV channel” represents the target response signal when horizontal polarization is transmitted and vertical
polarization is received.
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FIGURE 3.1: TerraSAR-X High Resolution SpotLight (HS) images of an

airport terminal (©Infoterra GmbH, Distribution [PASCO]). (a) HH/VV dual
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FIGURE 3.2: Magnified TerraSAR-X image of aircrafts indicated in Fig. 3.1

(©Infoterra GmbH, Distribution [PASCO]). (a) and (b) are HH and VV im-

age of the dual polarization mode, (c) is a color composite image of HH and

VV, where HH and V'V are assigned to red and blue, respectively. (d) is HH
image of the single polarization mode.
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3.2 Algorithm

3.2.1 Polarimetric Bandwidth Extrapolation

Under the far-field assumption, the polarization property of a target is described by a 2 x
2 scattering matrix[65]. A polarimetric radar measures the scattering matrices of targets
by transmitting and receiving two orthogonal polarizations. In most cases, horizontal and
vertical polarizations are employed, and four sets of target response signals, denoted HH, HV,
VH and VV channels, are observed?. Under most conditions, the VH signal is equivalent to
the HV signal; thus it is omitted from here on.

At high frequency, a radar target can be considered as a mixture of a finite number of
point scatterers with, in general, different polarization properties. First, we consider the
one dimensional (range direction only) case. Then, the measured response signal X, (p =
1,2,3 representing the HH, HV and VV channels respectively) from a target at M sampled

frequency points f,, (m = 1,2,---,M) can be expressed in vector form as follows:
X1 (m) Q0 | Slg
’ AT fr
Xa(m) | =Y | s24 |exp {—Jimq} (3.1)
X3 (m) q=1 S3.q

where Q is the number of point scatterers, s, , is the complex scattering coefficient of the p-th
polarimetric channel associated with the g-th scatterer located down range at ry, and c is the
speed of light. In the model, the scattering matrices are assumed to be constant over the band
of incident radar frequencies. The response signal of each polarization channel is Fourier
transformed to obtain a range profile, in which the locations and the complex amplitudes
of the peaks correspond to the locations and complex scattering coefficients of the point
scatterers. The range resolution is given by ¢/2B, where B is the transmitted bandwidth.
The polarimetric linear prediction model assumes that the linear combination of an equi-
spaced set of signal samples X;(m —L),Xj(m—L+1),---,X;(m—1), (j=1,2,3) of the three
polarization channels will predict the next sample of X, (m). Then, using vector notation

IT original spectra
B

i
p L
111 | freq.

Linear Prediction
Coefficient Estimation

1\ B '

AV

)_' freq.
extrapolated spectra

FIGURE 3.3: The illustration of the Polarimetric Bandwidth Extrapolation
(PBWE) process.

2In this thesis, “HV channel” represents the target response signal when horizontal polarization is transmitted
and vertical polarization is received.
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X = [X1(m) X2(m) X3(m)]T, the model is given by

N T 5 T
X, =TE YL X =TE YL (3.2)

m—1>

(m=L+1,L+2,--- M),

where,
L L1 L]’
b= |kt o (3.3)
L LL 1]’
rp = [cpt e (3.4)
L T T T
Ym - [Xm Xm—L+1] (35)
- 11 12 3
LI won g
o = c§{ Cgé cgé (3.6)
L S50 Cf1 St
- 11 12 13
Ll B b b
L b0 Cbi Sy

L is the order of the polarimetric linear prediction model, and T represents the transpose
of the matrix. cf; and ¢/, are the I-th coefficients of the forward and backward models,
respectively, associated with the j-th channel to predict the next sample of the i-th channel.

Fig. 3.3 illustrates the processing steps of PBWE. The original response signals of each
polarization channel (I) are Fourier processed individually to obtain the spectra (II). Then the
polarimetric linear prediction coefficients are estimated from the spectral data (III). The esti-
mated coefficients are used to extrapolate the spectral data of each polarization channel (IV).
The expanded spectra are then inverse Fourier processed to obtain the improved resolution
response (V).

Fig. 3.4 illustrates the extrapolation procedure for the L = 3 case. HV channel is not
shown in the figure to avoid complexity. First, the (M + 1)-th signal value of each polarimetric
channel is extrapolated by X4+ = Fg’ TYM. Then, the (M + 2)-th signal values of each

polarimetric channel are extrapolated by X 4o = F?TYMH. Repeating the procedure, the
spectra can be expanded to any arbitrary length.

Polarimetric linear prediction coefficients can be estimated from a set of measurement
data by selecting coefficients to minimize the error between the predicted signal values and
the measured values. Let the prediction error be

fb = X,-THYL | (3.8)
bh , = Xp_p-TL'YE (3.9)

(m=L+1,L+2,--- M),

where fL and b, are the forward and backward prediction errors, respectively. Then the
mean power of the prediction error is given by

el =EB{|I /LI + 1651} . (3.10)

It can be shown that the following normal equations must hold to minimize the prediction
L
error £-.

RiTE=U;, RIE=V, (3.11)
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direction.
where,
R = e{vhohl=e{viviT (3.12)
ro r e TFL—1
;
. -
Fr—1 rI o
rll r112 rll3
o= E{XpXui"}=| 7" P2 P (3.13)
Pl
U = E{Y;o X, } = - gl (3.14)
Vi = E{Y5Xu "} =[] - r]". (3.15)

(% : complex conjugate, T : transpose, T : adjoint)

Therefore, by solving Eq.(3.11), the polarimetric linear prediction coefficients Tf and Tﬁ are
determined as follows:

Th=R'U;,, TL=R'VL. (3.16)

Note that we need the a priori knowledge of the model order L, or L needs to be estimated
prior to the procedure.
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The multichannel version of the Burg’s algorithm is based on the multichannel version
of the Levinson recursion. First, Eq.(3.11) is divided into four submatrices as

L
[‘Iiin V;I:01:| le;ng _ [UrLTLl] (3.17)
[ ro UZ_l] Cﬁ’LT [ ry } (3.18)
U1 R Tk, Vi
where,
rk — [cgl...cf’klr (3.19)
rh = [ ...cglr, (3.20)

Moving Cf’L, Cﬁ’L to the right hand side of Eqs.(3.17) and (3.18), we obtain

R Th = Up, —VL—1C§’LT
=Ry T =R, TL AT (3.21)
Ri-iThy = Vi —UL—lcﬁ’LT
=R, TL' =R, TEICbT (3.22)
Then it follows that
rh, = r-'-rickt’ (3.23)
Thy = Ti'-riickt’, (3.24)

This is known as the multichannel version of Levinson’s recursion[81]. Substituting Eqs.(3.23)
and (3.24) into Egs.(3.8) and (3.9) yields

T
fﬁq = Xm_r% Yéfl
L—1
- X _ [ L’ cLL } Yo
m f0 f XL
= o ekl
= fht-cpteh (3.25)
by = bhyi-cytrah (3.26)

Equations.(3.25) and (3.26) show the relationship between the prediction errors for models
of order L—1 and L.

Given the prediction error of order L — 1, we want to minimize the mean power of the
prediction error of order L by adjusting the L-th coefficients of the model C%’L, Cﬁ’L. We
simply solve the normal equation derived from Eqgs. (3.25) and (3.26) to get

C%’L = DLleLfl_l (327)
ctt = D] (Frl, (3.28)
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where,
M _ 1T
Fioo o= Yo, il (3.29)
M _ 17
By = Y, o bnib (3.30)
M _ 17
Dpy = Y, o w ot (3.31)

The multichannel version of Burg’s method is summarized below.

1) Set the forward and backward prediction errors for the L = 0-th order model as follows:

= Xu, B =Xuo (3.32)

m m—1 —

(m=2.3,- M)

2) L increments are by one.

3) Using Eqgs. (3.27) and (3.28), L-th coefficients of the L-th order model Cf’L, Cﬁ’L are
determined based on forward and backward prediction errors for the (L — 1)-th order
model L1 pL=t .

4) Using Egs. (3.23) and (3.24), 1 ~ (L — 1)-th coefficients of the L-th order model are

calculated based on Cf’L, Cﬁ’L and coefficients of the (L — 1)—th order model Tf_l,
rLfl
b -

5) Using Eqgs. (3.8) and (3.9), prediction errors f,Ln, b;_ ; are calculated.

6) The mean power of the prediction error of the L-th order model & is calculated as

1 M
eh= 17517 =+ 1B 1P (3.33)
Z(M_L) m:ZL’—}—Z( t )

If the mean power of the prediction error €” is sufficiently small, L is set to the optimum
model order for the data and the process outputs the coefficients of the L-th order
model, otherwise the process goes back to step 2.

el=! — el < Threshold (3.34)

3.2.2 Two Dimensional Polarimetric Bandwidth Extrapolation

In this section, the algorithm is expanded to the two dimensional case. The two dimensional
spatial frequency spectrum can be represented as the sum of two dimensional complex sinu-
soids as follows:

Xi(m,n) 0 | Slq ol
Xo(mn) | =Y | 5o | e /mernon) (3.35)
X3(m,n) =1 s34

(m=1,2,--- ,M;n=1,2,---,N)

where M and N denote the number of data samples in range and azimuth, respectively; ®;
and @ denote the normalized spatial frequencies associated with the position of the g-th
target in range and azimuth, respectively.

The two dimensional polarimetric linear prediction model assumes that the linear com-
bination of an equispaced set of K x L x P signal samples of the P polarization channels will
predict the surrounding samples, where K and L denote the order of the prediction model in
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range and azimuth direction, respectively. The two dimensional polarimetric linear prediction

model is expressed as follows:

region 1

Xm+K,n

Xm+K,n+1

X+ KntL

region 2

Xm—}—Kf 1,n+L

Xm— 1,n+L

region 3

Xm—],n—l—L—l

mel,nfl

region 4

Xm,n—l

Xm—&-K,nfl

k=K—-1l=L—-1
Y Y o 1l Xmkntl
k=0 [=0
k=K—-1Il=L—-1 Kl
ij Xm+k,n+l
k=0 [=0
k=K—11=L—1
Co'X 3.36
k1 mtkn+l ( )
k=0 [=0
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k=0 [=0

k=K—1I=L—
Z Z Ck_]]L 1 m+kn+l
k=0 [=0

k=K—1l=L—-1 )
Z Z C Xm-‘rk,n-H (338)
k=0 [=0
k=K—1l=L—-1 01
Ck:l Xm+k,n+l
k=0 [=0
k=K—-1l=L—-1 K1
ij Xm+k,n+l (339)
k=0 =0

where X, is a P dimensional polarimetric data vector of (m,n)-th sample, and C’,g}l, is a
P x P linear prediction coefficient matrix. Using matrix notations R;, I';, U;, the linear system
of equations in Eq.(3.36-3.39) is expressed by

RI; =U,,

(i=1,2,3,4) (3.40)

where the subscript i denotes the 4 regions shown in Fig. 3.5 (a). R; and /U ; are matrix of data

samples and I'; are the matrix of the prediction coefficient matrices C],z }l

!
. The matrices R;,
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I';, U; are defined as follows:
[ Z1. Zr1 e Zia
Z5 Z3 o Zgin
Ry = . ) L
| Zu-k1 ZM-k+10 0 Zm-1,1
[ Z5, Z3 o Ly
Z31 Z41 o Lo
Ry, = .
| Zm—k+11 ZMm-k+21 0 Zma
[ Za» VAY) o Zks1p |
Z3) Zsp o Zgy2p
Ry = . . .
| Zm—-k+12 ZM-k+22 0 Zm2
[ Z12 V4% o Zgo
V4% Z37 < Zkp
Ry = ) . ) (3.41)
| Zm-k2 ZM-k+12 0 ZmM-12
where,
Xr]T;t,n Xr;,n+1 e ngq,n-‘rLfl
Zm,n _ Xm,n+l Xm,n+2 Xm,n+L (3.42)
Xfminr Xmwintr o Xain—2
K.,0 K.,0 ko0 17
I = [ Dy Dy Dy ]
_ K—1,L K—1,L k—-1L 1T
I = [ Ej E o Eg ]
_ —1,L—1 —1,L—1 -1,L-1 1T
I3 = [Fo F cFe ]
-1 -1 -1 7T
I, = [G™' GV Gy, (3.43)
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where,
[ ~x,A KA
Ck 0 C Ck L—1
Dy
K 7L+L K /1+L K,A+L
C C Ck )
K,)L x,)L K,A
Ck’ol A i 1A Ck’Lﬂl
K—1, K—1, Kk—1,
ERA Ck,O Ck,l Ceri
k .
Kk—K,A Kk—K,A K—K,A
Cro Cia Ceri
KA KA KA
Ck’(i 1 Ck’lzl 1 Ck’LA_ll
KA— KA— KA—
A Co Cel Celi
k . .
KA—L K,A—L K,A—L
Ck,O Cei Ck,L—l
KA KA KA
Ck’OI)L Ckl LA CkLT])L
K+1, ;c+ K+
G** Cro o CkL 1 (3.44)
. .
Kk+K,A K+K A K+K,A
Cro C Ck,L—l
T
U, [ Zk41 Zki2 Zu |
T
U [ Oks1 Qxio Oy |
- — - T
Us [E1 & Ev—x |
T
Us = [¥Y1 Y2 - ¥ux]. (3.45)
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\;

(a)the model (b)sample extrapolation

FIGURE 3.5: The two dimensional linear prediction model and the sample
extrapolation process. According to the linear prediction model shown in (a),
one sample can be predicted from plural sets of different samples as shown

in (b).
where,
X1 Xrp o Xen—iL
X2 X3 0 Xin—L+1
Xy = ) ) )
| Xkr+1 X3 0 X
Xirt1 Xi+2 o X
X141 Xeeip42 0 Xeaw
O = ) ) )
| Xk-ki+1 Xk-kit+2 0 Xk—kN
Xir+1 Xer+2 0 Xiwn
_ Xer  Xer41 - Xin—1
= = . . .
| Xk X2 o XgN-L
X1 Xip o Xen—L
Xirtnr Xiet12 0 Xkvin-L
Yy = ) ) )
| Xk+ka Xk+k2 0 Xk+rkN-L

(3.46)
The least mean square solution of Eq.(3.40) gives the estimation of the coefficients I';.
I, = RU (i=1,23,4) (3.47)

where the superscript + denotes Moore-Penrose pseudo inverse.

The spatial spectrum samples are extrapolated according to the two dimensional polari-
metric linear prediction model using the estimated matrix of the coefficients Cﬁ}l/. Fig. 3.5
(b) shows the extrapolation procedure. The two dimensional linear prediction model predicts
all the K x L x P samples surrounding the prediction support region. Therefore, the plural
number of estimation corresponding to the same sample are obtained as shown in Fig. 3.5
(b). 2D-PBWE uses the mean value of these values as the estimation.
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3.3 Experimental Results

3.3.1 Point target simulation

We show a numerical example of three closely located point targets in white noise. The scat-
tering matrices of the three targets used in this example expressed in vector form [HH HV VV|
are given by

Sp=1[101], Sqw=[10j, Sas=[10 —1]. (3.48)

These three scattering matrices could correspond to, for example, a plate (pl), a quarter wave
device (qw), and a dihedral corner reflector (di)3.

The targets are located to form a regular triangle shape in the range-azimuth plane, and
the distance between the targets are set to be half of the Nyquist sample distance * 7. The
signal-to-noise ratio (SNR) is 30dB. Here, the SNR is defined in the frequency domain as
the ratio of the power of a single scatterer to the average noise power. The number of the
samples of the original data is 16 by 16, and the bandwidth is expanded by a factor of 4 by
2D-PBWE. For comparison, the 1D-PBWE is applied to the same data in both azimuth and
range directions.

Fig. 3.6 (a), (b) and (c) show the original image, the bandwidth extrapolated image by
applying 1D-PBWE in both azimuth and range directions, and the bandwidth extrapolated
image by 2D-PBWE, respectively. As shown in the top right of the Fig. 3.6, the colors in this
figure are based on the Pauli basis representation of the scattering matrix given by Eq.(3.49)
[82], where blue, red and green represent the magnitude of each component «, 3, and 7,

respectively.
o a |10 Bl1 o0 Yy {0 1
S‘ﬁ[o 1]*&{0 —1]+ﬁ{10} G4

Note that this color representation has ambiguity, i.e., different scattering matrix may be
represented by the same color, for example, S(in vector form) = [I 0 j] and [v2 0 0]
both have components || = |3| = 1,|y| = 0. However, this color representation is handy
for this example, since Sy, Sqw and Sg; correspond to different colors (red, purple and blue,
respectively). Fig. 3.6(a) shows that the three scatterers are not resolved in the original image
as expected. In Fig. 3.6(c), one can see that the positions and the polarization properties
of the targets are well restored by 2D-PBWE. On the other hand, Fig. 3.6(b) shows that
when 1D-PBWE is applied in both range and azimuth directions, although the three targets
are somewhat resolved, the estimated positions and polarization properties of the targets are
less accurate, and furthermore, one can observe some undesirable oscillation effect causing
spurious peaks or high sidelobes.

3In general, the scattering matrix of a target depends on the aspect angle, e.g., the scattering matrix of a
dihedral corner reflector takes a form of Sy when its symmetry axis is oriented at zero degree (horizontal).
Further discussions about this issue can be found in [82].

4Nyquist sample distance T in range and azimuth directions are ¢/2B and Ap /2L, respectively. Where A is
the wavelength, L is the synthetic aperture length, and p is slant range.
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FIGURE 3.6: Simulated image of three closely located point targets. In (c),
one can see the exact positions of dihedral corner reflector, quarter wave and
plate counter clockwise from the top right. The number of the samples in the
original signal is 16 by 16, the bandwidth is expanded by a factor of 4, linear
prediction model order has been set to be K = L = 4. Note that the pixel size
is 1/16 of the original Nyquist sample distance 7. The color is based on the
Pauli basis representation of the scattering matrix where blue, red and green
represent the magnitude of each component o, 3, and ¥, respectively (see
the text for more detail).
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3.3.2 Application to SAR images

Fig. 3.7 shows the output image of the 2D-PBWE method. The bandwidth has been doubled
in both range and azimuth direction. In this figure, (a) and (b) show HH and VV images
of the PBWE output, (c) shows the color composite of HH and VV, and (d) shows the total
power (span) image®. One can see that the clarity of the image is improved compared to
the original dual polarization image in Fig. 3.1. And we can now observe the target ground
interaction of the tailplane in HH image. In addition, we notice that the interaction is weaker
in VV image, which provides additional information, e.g., on the electrical properties of the
ground etc.
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FIGURE 3.7: The output image of the 2D-PBWE method. The bandwidth

has been doubled in both range and azimuth direction. (a) and (b) are HH

and VV image of the output image of the PBWE applied to the TerraSAR-

X dual polarization image, (c) is a color composite image of PBWE image,

where HH and VV are assigned to red and blue, respectively. (d) is the total
power (span) image of the PBWE image.

STotal power or span is defined as the sum of the power of the HH and VV images.
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Fig. 3.8 presents a real polarimetric SAR image of a ferry on the sea surface, observed
using the EMISAR system. Developed at the Technical University of Denmark, EMISAR
is a dual-frequency polarimetric SAR system operating at L-band and C-band. The origi-
nal image has a resolution of 1.5 meters in range and 0.75 meters in azimuth. Fig. 3.8(a)
shows the original pseudo-color EMISAR image, which follows the same color scheme as
Fig. 3.6., with an image size of 80 x 160 samples. Fig. 3.8(b) displays a band-limited version,
where the bandwidth is reduced to half of the original in both range and azimuth directions.
Fig. 3.8(c) and Fig. 3.8(d) show bandwidth-extrapolated images, obtained using 1D-PBWE
applied sequentially in range and azimuth and 2D-PBWE, respectively. Similarly, Fig. 3.8(e)
presents another band-limited image with bandwidth reduced to one-quarter of the original,
while Fig. 3.8(f) and Fig. 3.8(g) display the extrapolated versions using 1D-PBWE and 2D-
PBWE, respectively.

In this experiment, the bandwidth is restored to its original state, allowing for a quantita-
tive assessment of the extrapolated images by comparing them to the original using correla-
tion coefficients defined as:

x|

e ]xil|

correlation coefficient (c.c.) = (3.50)

where x; and x, are the original image and the bandwidth extrapolated image, and M,N are
the number of pixels along range and azimuth direction, respectively.

As shown in Figs. 3.8(c) and (d), when the bandwidth is limited to half, the correlation
coefficients of the bandwidth-extrapolated images generated by 1D-PBWE and 2D-PBWE
are 0.96 and 0.97, respectively. This result suggests that near-perfect image restoration is
achievable even with a reduced bandwidth. Similarly, Figs. 3.8(f) and (g) show that when the
bandwidth is further restricted to one-quarter, the correlation coefficients for 1D-PBWE and
2D-PBWE drop to 0.66 and 0.86, respectively, which remains relatively high. Additionally,
these findings indicate that the image generated by 2D-PBWE is closer to the original than
the one obtained using 1D-PBWE. In fact, while the 1D-PBWE extrapolated image exhibits
a more pronounced spiky texture, many of its peaks do not match the original image in terms
of position or color.
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(b) band limited (1/2)

(e) band limited (1/4) (f) PBWE (c.c.=0.66) (g) 2D-PBWE (c.c.=0.86)

FIGURE 3.8: Experimental result from the EMISAR polarimetric SAR im-
age of a ferry. The resolution of the original EMISAR image is 1.5m in range
and 0.75m in azimuth, the size of the original image is 80 x 160 samples.
The pixel spacing of the images shown in this figure is approximately 0.19m
%x0.094 m (i.e. the original image is upsampled by a factor of 8). Both rmse
and correlation coefficient show the best values for 2D-PBWE. Note that
rmse of the band limited image is greater than 1D-PBWE while the corre-
lation coefficient of the band limited image is greater than 1D-PBWE. Also
note that rmse of 1D-PBWE and 2D-PBWE images are close but they are
visually very different. The EMISAR data is by courtesy of DCRS (Danish
Center for Remote Sensing) Electromagnetic Systems at Technical Univer-
sity of Denmark.
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3.4 Theoretical Performance Analysis

In this section, theoretical analysis on the resolution of a polarimetric radar is provided. The
resolution defined in terms of Rayleigh’s criterion is determined by the signal bandwidth[54],
and it is clearly independent of polarization information. Our interest is in the performance
of parametric spectral estimation (also referred to as super-resolution) techniques applied to
the polarimetric radar data. Many attempts have been carried out to evaluate the resolution
capability of parametric spectral estimation techniques. A common approach is to utilize the
Cramér-Rao bound (CRB), which provides the lower bound for the accuracy of any unbiased
estimator. In this approach, usually the CRB for the position estimations of two closely
located sources are studied[83]. Recently, a simple metric of the resolution called statistical
resolution limit (SRL) has been proposed[52] 6. The SRL is defined as the source separation
that equals its own CRB. Note that it is defined based on the CRB for the separation, not the
positions, of the two targets. We use the SRL to evaluate the resolution of the polarimetric
radar.

Along with the resolution, estimation accuracy of the polarization property of the target is
studied. And we show that the estimation error of the polarization property can be decreased
by processing all the polarization channels together rather than processing channel by chan-
nel. This issue is important because we would like to exploit the polarization information in
the following image analysis task.

Both CRB for the target separation and the CRB for the polarization estimation error
are derived from the full Fisher Information Matrix (FIM) of the target position parameters
and complex amplitude parameters. A general expression for the deterministic full FIM of
the multichannel signal with non-white Gaussian noise is derived first. The CRBs for the
target position parameters and complex amplitude parameters are then obtained from the
full FIM. The “complexified” approach is taken, since it simplifies the analysis [52], [85],
[86]. The CRBs of the separation and the polarization estimation error are derived from
the above mentioned CRB. Especially, an analytic form of the CRB for the separation of
two channels case is provided and studied in detail. In addition, the effect of relative signal
phase of the two target is throughly studied, since this is the key to understand the effect of
polarization on the resolution. Average or limiting performance over the relative signal phase
have separately been studied [84], [87]-[94], but each one of them captures one aspect of the
phenomenon, respectively. In this section, the average and limiting cases are considered in a
unified manner, which enables us to fully understand the effect of relative signal phase. Some
numerical examples of the SRL and the CRB for the polarization estimation are shown and
discussed. Finally, the performance of the PBWE is evaluated via simulations and compared
to the CRBs.

The effect of polarization information on the resolution under stochastic signal model has
been investigated in [95]-[97] with applications to diversely polarized antenna arrays. The
CRB based on the stochastic signal model is achieved asymptotically with increasing number
of snapshots, and tends to give a loose bound when the number of snapshot is small. A quick
comparison between the deterministic and the stochastic signal model is also provided.

3.4.1 Signal Model, Full FIM and CRB for the Target Parameters
Signal Model

The polarimetric radar signal can be modeled as a P channel signal, each channel of which
having the data size of N. The number of polarization channels P is 4 for a full polarimetric
radar and 2 for a dual polarization radar, and so forth. The polarimetric radar signal in the

A similar idea has been proposed separately in [84].



Chapter 3. Resolution Enhancement Method For Polarimetric SAR 40

spatial frequency domain can be modeled as follows:
z=V(0)a+n. (3.51)

In (3.51), z € CV*P is a data matrix, each column of which represent the signal in each chan-
nel, a € CY*? is a matrix whose (m, p)-th element corresponds to the complex amplitude
of m-th signal in p-th channel, V(0) € CV*M is a complex matrix whose columns define the
responses of M signals,

V() = [01(0) v2(8) --- vy(8)] (3.52)

where v,,(0) € C¥*! is a steering vector, and 8 = [01,6,,---,0x]" € RK*! is a vector of
real signal parameters, n € CV*” is a complex Gaussian clutter plus noise with covariance
matrix

R=E{(n:)(n:)"} c CNPXNP (3.53)

where the notation X: means the large column vector formed by concatenating all the columns
of X, i.e., if X is a N x P matrix, X: £ [Xn crXN1 X12cXND e X1p-* 'XNP]T- The super-
scripts T and H denote matrix transpose and conjugate transpose, respectively. Note that
the expression of (3.52) is employed for the sake of generality, and each v,,(8) is not nec-
essarily a function of all the parameters 0y, - - -, 0. Also note that the parameter term () is
omitted in the following argument. We assume the amplitude matrix a to be unknown and
deterministic. We write columns and rows of a as a, € CM>1 and s, € C1*P, respectively:

a=/[a; - ap]=|[s1; - sm. (3.54)

Here, the semicolon is used as in the MATLAB convention, i.e., the row vectors s,, are
concatenated vertically. a,, is just the collection of the complex amplitudes of the M targets in
the p-th channel. s, represents the polarization property of the m-th target by its “direction”
in the complex polarization space C'*F. We call s,, a polarization vector of the m-th target.
From (3.51), the likelihood function of the data z is given by

f(z:|a,0) = exp [—{(z—Va):}'R™'{(z—Va):}]. (3.55)

1
V||
and the log likelihood function is (when constant terms are ignored)

L(z:|a,0) = —{(z—Va):})'R™'{(z—Va):}. (3.56)

FIM and CRB

Consider an unbiased estimator of some unknown real parameters ® € R/*!, then Cramér-
Rao inequality gives a lower bound on the covariance of the estimate of ® by the inverse of
the FIM. Namely,

Co=E{(®-@)(®-®)"} >Gy' (3.57)

(& Co — Gg' is positive semidefinite)
where Cg is the covariance of the estimate ® and

Go =E{(9gL)(deL)} = —E {04 0pL} (3.58)
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is the FIM. Assume that the parameter ® is partitioned into two sets so that ® = [<I>1 ; <I>2].
Then FIM of (3.58) can be partitioned as follows:

_ G¢1¢1 Gq’l‘l’z
G(CI)I;CI)z) - |: G<I>2<I>1 G<I>2<I>2 (359)

where, Go,0;, = —E {84T,i Bq,’.L}. From the formula of matrix inversion in block form, the
inverse of the FIM is given by the following form

S ! *
G‘lz[ e 7 ] (3.60)
@ * Sq,i
where,
So, = Go.w,— Go,0,Go0,Go0, i€ {12}, i# ). (3.61)

(The off diagonal elements of (3.60) are irrelevant to the subsequent analysis.) Thus, when
one of the parameter sets is being estimated, the CRB for that parameter set is given by,

Co, > Sg, ie{1,2}. (3.62)

The other (undesired) set of parameters is called “nuisance parameters.” In fact, it can be seen
from (3.61) that the nuisance parameters negatively influence the estimation of the parameters
of interest.

To obtain the FIM of a and 6, we follow the approach presented in [52], [86]; namely,
we use the complexified approach for the complex amplitude parameter a and the standard
real/imaginary approach for the signal parameter 6. First, we rewrite the log likelihood func-
tion without a constant term as

P

H Hy/H
Zl(szZqzq—l—upV RZanq
q:

1

VHR} z,— 2z R} Va,). (3.63)

P

L(z:|a,0) = =)
p:

H

% P vpq

Then the second derivatives of the log likelihood function are

—0 da L = 0 (3.64)
—0;3 Oa L = Ep, —0; daL=2E], (3.65)
T & H H
—0p 0oL = Z (“q Egplo) — %4 RZPV[B]) (3.66)
g=1
T - T3 TRV Y7
—0p da, L = Z (aq Egplo] — Zq RZPVM) (3.67)
g=1
T s Hy/H
~dgdel = ) ) (“p E pq100) %9 — @ Vigo) Ry Zg
p=1g=1
~2H R}, Vignja,) (3.68)
where,
By =V R)V (3.69)
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and Ry, € C¥*Nis a (p,q)-th block of the inverse of the covariance matrix R.

RY; - Rjp
R'=| : -~ (3.70)
Ry, - Rjp

Then it follows that the FIM for parameter vector [a; 0] (x« = [(a:);(a:)]) is given by

0 =T AT
Gugy= | E 0 I AT (3.71)
A A 24
where,
A = As+A. (3.72)
P
8, = Y Re{allVAR; Via,} (3.73)
p=1

pP-1 P
8. = ¥ Y Re{allVAR] Vjga,

p=lg=p+1
1 [y RY v 1" 3.74
—Hll’[ (6] qp [9]} aq (3.74)
P
A = Y [Ay Ay Apy (3.75)
g=1
Ay = ajVgRyV (3.76)
=11 Zip
E = N (3.77)
Zpi Zpp

The subscripted notation “[0]” denotes the substitution of the first derivative with respect to
0, wherever the k-th index of 0 is required (readers are encouraged to see Appendix B of [52]
). Using the relations of (3.61) and (3.62), the CRB for a and 0 are obtained from (3.71) as

Co > su:[g ﬁ”l (3.78)
Co > S;lzé[A—M]_l (3.79)
where,
O = E—%AHA_lA, H:—%ATA_IA (3.80)
M = Re{AE'A"}. (3.81)

(3.78) and (3.79) are the main results of this section, and they are very general expressions.
The model (3.51) has a similar structure as in the case of the single channel sensor with P
multiple snapshots; therefore, (3.79) reduces to the CRB given in (4.1) of [83], when R = I.
On the other hand, when P = 1, (3.79) surely reduces to the CRB given in (24) of [52].
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If the background noise is spatially uncorrelated and uniform but correlated between
polarization channels, then the covariance matrix R can be expressed as follows:

R=R,®I R,=E{nf i, }. vne{l-.N} (3.82)

where 7, is the n-th row of the noise matrix z. This model is suitable when the background
is uniform but has some certain polarization properties, e.g., ground clutter et cetera. R, in
this case is equivalent to the clutter polarization covariance matrix which frequently appears
in the literatures on polarimetric radar signal processing[66], [98].

When the covariance matrix is expressed by (3.82), the CRB for 0 is still expressed
by (3.79), but the expressions for A,M,Z,A can be modified as follows (note that R~! =
R,'®1I):

A = A;+A, (3.83)
Ay = ZRe{rppapve]VW,,} (3.84)
A, = i Z Re!r” (alVHE Viga

¢ pg \“p Vo)V [0]%q
p=lg=p+1
H
+al! [V{g]v{eﬂ aq>} (3.85)
P
A = Y [Ay Ay Apy (3.86)
g=1

ANpg = rgpagVigV (3.87)
E = R,'®E, (3.88)
=, = Viv (3.89)

P P
M = Rel Y Y rl M, (3.90)
p=1g=1

M,, = AE'AY (3.91)
A, = ajVgVv (3.92)
E = Viv (3.93)

and ry, is the (p,q)-th element of R, .

3.4.2 Statistical Resolution Limit and Polarization Estimation Error
Point target model

The radar targets can be considered as a mixture of individual reflection points, also called
scatterers. Generally, it was found that the scatterers on targets remain roughly fixed and that
their reflection amplitude remain reasonably constant over the observation bandwidth and
aspect angle[54]. Based on this observation, a radar target is often regarded as a mixture of
a finite number of point targets. Here, the point target is defined as an ideal target whose
complex amplitude is uniform over spatial frequencies.

To discuss the resolution of the polarimetric radar, the point target model is employed
in the rest of this section. And in the following analysis, we consider the case where two
point targets are closely located with each other. The signal model and the definition of SNR
(Signal to Noise Ratio) is provided in this subsection.
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Note that the point target model is an approximation, and it is insufficient to fully describe
the entire backscattering behavior of real targets, as it is extensively studied in [56], [99].
Nevertheless, we employ the point target model for our analysis, because it is reasonably
consistent with the data[54], and attempts to describe the diverse nature of the further details
of real target by mathematically tractable models seem impractical [56]. The theoretical
resolution limit derived based on the point target model would serve as a reasonable and
comprehensible standard. The performance of a real data can be measured relative to the
standard provided here.

From the definition of the point target, it is represented by a pole on a unit circle, thus the
steering matrix is given by

V =[vi(p1) v2(p2)] (3.94)
where,
N—1 _Nt1 vt
u(p) =P > P T P (3.95)
pr=1,  py=e?. (3.96)

(3.96) indicates that A¢ is the separation of the two targets (in radians). To obtain the CRB
for the signal parameter 0, the real/imaginary approach is taken as stated before, and in this
case 0 becomes

0=[x y x2 ¥ (3.97)

where, x; and y, are the real and imaginary parts of the pole py, respectively.
Both targets are assumed to have the same magnitude in all the polarization channels,
and the complex amplitude is given by

. 1 1 1
a = a eV edV2 L. piVP

1 1 1
- ”[efw eiwim) . ej(wxp)] (3.98)

where ¥ = y is the relative phase of the target #2 to the target #1 in the first channel.
Xp = W, — Y is the relative phase of the p-th channel to the first channel of the target #2.
Since, in this example, the magnitudes are all the same, Y, are the only parameters that
define the difference in polarization properties of the targets #1 and #2. y is the relative
phase between the two targets in the first channel, and it is a function of the radial distance
between the two targets as well as of the center frequency of the transmit signal. It is well
understood that relative magnitude between the polarization channels also is important to
characterize the polarization property of the target. Some discussion on this issue is given in
Appendix A.2.

The SNR (Signal to Noise Ratio) is defined in the image domain for each target and for
each polarization channel. Under above signal model, the SNR of the p-th channel becomes

(Na)®

SNR = pe

(3.99)

where, P,Sp ) is the noise power of the p-th polarization channel. In the following analysis,
both targets are assumed to have the same magnitude in all the polarization channels, and
further more, the noise power in all the polarization channels are assumed to be the same.
Therefore, we need only one SNR value to represent one set of data. For example, for the
white Gaussian noise (WGN) with covariance matrix R = I, the SNR becomes Na?.
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Definition of the statistical resolution limit

A theoretical measure of the resolution called “Statistical resolution limit (SRL)” is intro-
duced in [52]. It is defined as follows

SRL2A¢ st. A ={CRB(A¢)}/?,Ap >0 (3.100)

where CRB(A¢) is the CRB for the source separation estimation. In other words, the statis-
tical resolution is the source separation that equals its own CRB (root squared). In this def-
inition, the sources are regarded to be “resolved” when the standard deviation of the source
separation estimation is equal to the true separation.

A mathematically equivalent idea with some generalization is also proposed in [84]. The
main difference is that they introduce a user selected parameter Y to adjust the confidence
interval as follows.

RL2 A9 st Ap =7y{CRB(A®)}"/* A¢ >0. (3.101)

This resolution limit becomes identical with the SRL when ¥ = 1. As pointed out in [52], in
practice, Y = 1 gives a sufficiently meaningful bound. If the separation is too small, and the
parametric spectral estimation methods fail to resolve the two sources, then the two spectral
peaks of each signal tend to coalesce into one; namely, the separation is estimated to be zero.
In this case, the standard deviation of the separation estimation error is approximately equal
to the true separation.

The CRB for the source separation estimation A¢ is derived in the following way[52].
First, we define the difference between the two poles as follows.

§=[x1—x2 yi—y]" = D6, (3.102)
where,
1 -1 0 0
D=1, o1 -1 (3.103)

Noting that ||§]| ~ A¢ when A¢ is small, the CRB for the separation is given by
CRB(A¢) ~ CRB(||5||) = DS, 'D". (3.104)

Taking the point target signal model given by (3.94)—(3.98) and assuming the WGN
model with covariance R = I for the noise, (3.104) becomes

N\? 2N Pdy+dc
CRB(A¢)%<> . - — (3.105)
2n) SNR P2df—di(ck+s2)
where,
P
cp = ) cos(Ap— ) (3.106)
p=1
P
sp =Y, sin(Ag— ), (3.107)

=
Il
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and
_ s(0)s'(A¢)?
. " S(Aq))sl(Aq))z
s(A@) is a Dirichlet kernel:
(N-1)/2 i N
s(Ag)= Y oo — w. (3.110)
n=—(N-1)/2 sin 7 A9

The prime and the double prime as in s'(A¢) and s”(A¢) represent the first and second
derivative, respectively. The derivation of (3.105) from (3.104) is given in Appendix A.

The merit of defining the resolution based on the CRB is that it gives the lower bound for
any algorithm, under the condition where the CRB holds (high SNR, unbiased estimators,
and no modeling or signal mismatch). Although the CRB has widely been used to assess
the resolution, what makes the SRL different from others is that the CRB for the source
separation is used to bound resolution, while the majority of works use the CRB for the
source accuracies themselves. Technically, this means that the SRL takes the off-diagonal
elements of the CRB into account, while the others only treat diagonal elements. As shown
later, when the sources are close, the off-diagonal effects are not negligible.

CRB for the target separation estimation for the Single and the Dual Polarization Cases

In order to illustrate the effect of the polarization information on the resolution, the CRB and
the SRL for the single and dual polarization, say HH and VV, cases are compared.

The CRB for the single polarization case can be derived by setting the number of polar-
ization channels to one (P = 1) in (3.105).

2
N> 2N do+dicos(Ap — ) (3.111)

CRB(Ag]y) ~ <27r 'S\RT @Z-a&

(3.111) indicates that the CRB depends on the relative phase y. When y = 0, the result
becomes equivalent to (49)—(57) of [52], although the closed form expression is not given
there. The CRB for the dual polarization case (P = 2) is derived in the same manner:

N\> N
CRB(A9ly.x) =~ (27:) "SNR

y do+dj cos(%)cos(Ap — % — )
d3 —d?cos?(x/2) '

(3.112)

where, ¥ = x». Note that the CRB now depends not only on y but also on y which is the
parameter that defines the difference in polarization properties of the targets #1 and #2. For
example, when )y = 0, the polarization vectors of the two targets (normalized by the first
channel) are equal and can be expressed as s; = s, = [1, 1]. On the other hand, when y = T,
the polarization vectors of the two targets are s; = [1, 1], s, = [1, —1], and thus they are
orthogonal. Note that for HH and VV dual polarization case, s; = [1, 1] and s = [1, —1] rep-
resent the polarization properties of odd-bounce and even-bounce targets, respectively[65].
In addition, the CRB for the single polarization case when L pulses are transmitted is
derived here for the discussion in the later part of this section; the CRB can be obtained just
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FIGURE 3.9: The CRB for the target separation as a function of target sep-

aration. Each dotted gray line shows the CRB of a certain value of y. The

dotted blue line, dashed green line, dash-dot magenta line, and solid red line

show the maximum (y = 7), the minimum (y = 0), the hybrid, and the

average CRB, respectively. The solid black line represents “separation =

standard deviation.” The intersections between the square root of the CRB
and the solid black line give the SRL. (SNR=33dB, single channel)

by dividing (3.111) by L.

2
N> 2N do+dicos(Ap —y) (3.113)

CRB.(A¢|y) ~ <27r "TSNR prm ,
Here, the targets are assumed to be unchanged between the pulses, and the noise is temporally
uncorrelated. (3.113) shows that transmitting L pulses has the effect of improving the SNR
by the factor of L.

The CRB for the single polarization case (3.111) and the dual polarization case (3.112)
are shown in Fig. 3.9 and Fig. 3.10, respectively. We discuss the effect of polarization on the
resolution through investigating the results given in these figures.

Analysis on the effect of relative phase on the CRB for the Single Polarization Case

In Fig. 3.9, the dotted gray lines represent the square root of the CRB for the single polar-
ization case given in (3.111) as functions of separation A¢ in units of FRC (Fourier Reso-
lution Cell[52]”) Each dotted gray line corresponds to a certain value of y, and y has been
searched from —7 to 7 with an interval of /72. Other parameters in this figure are N = 50
and SNR=33dB. Note that the figure shows square root of the CRB, not the CRB itself, and
thus it shows the lower bound of the standard deviation of the estimation error.

From Fig. 3.9, it can be seen that when the separation is smaller than 1 FRC, the CRB
rapidly increases as the separation decreases, and the dispersion of the CRB with respect to
the relative phase Y increases due to the increasing influence of the signal interference. On
the other hand, when the separation is larger than 1 FRC, the CRB becomes almost constant,
and the dispersion of the CRB with respect to y becomes very small.

Let’s first look at the region where the separation of the two signals is larger than 1 FRC,
in order to familiarize the expression in (3.111). Fig. 3.11 shows dy and d; as functions of

71FRC corresponds to the Rayleigh resolution for the signals that are windowed by rectangular weighting
function[54]. 1 FRC = 2x/N [rad].
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target separation A¢ (in units of FRC). From Fig.3.11, it can be seen that when the separation
is large (say larger than 3 FRC), the magnitude of dj is significantly larger than that of d;.
And from (3.108), dy — —s"(0) when A¢ — =, if N is sufficiently large. Therefore, when
the two targets are well separated, the expression in (3.111) becomes

N\> 2N 1 N\> 28 1
RB(AGy) ~ [ ) -2 o () 2 . 114
CRB(AS]v) <27r> SNR ' dq (27:) SNR —s(0) G.114)

Recall that the well known CRB for the variance of a single signal delay time estimation
error (T — 7T) is given by (see[100, Sec.10.8]).
Ny 1

CRB(7) ~ E E

(3.115)

where noise is assumed to be Gaussian and white with two-sided power spectral density
No/2, E, is the signal energy, f3 is the rms (root mean square) bandwidth (in rad/s). E, and
B are defined using the power spectrum of the signal S(f) as [101]

E= [ s(ar. B = [ osirar, (3.116)

and f is related to the signal autocorrelation function R(7) by

B 7R//(0)

2
= . 3.117
B E, ( )
Under the current signal model,
N 1 2
2}% - g R@=s <A7fr> (7 is in FRC) (3.118)

and by substituting (3.117) and (3.118) into (3.115), we obtain

[FRC?]. (3.119)

CRB(T)R:(N>2 o1

2m) SNR —s5"(0)
Comparing (3.114) with (3.119), we see that the CRB for the separation estimation error is

approximately equal to the sum of the CRB for the position estimation error of each target,
when the targets are well separated:

CRB(A¢|y) ~2-CRB(7) (3.120)

This is because when the two targets are far enough, the interference between the two be-
comes negligible.

Now, we investigate the region where the separation is smaller than 1 FRC. The solid
black line in Fig. 3.9 represents “std = A¢.” Namely, from the definition (3.100), the inter-
sections between the square root of the CRB and the solid black line give the SRL. One can
see in Fig. 3.9 that since the CRB depends on v, the SRL also depends on y, and in this
case, the SRL ranges from 0.125 to 0.386 FRC.

The fact that the CRB depends on the relative phase y is well known[89], [90], [92].
We further look into this issue in more detail. To analyze the influence of y on the CRB
and the SRL, we employ four representative values; the maximum (or the worst case) CRB
[89], the minimum (or the best case) CRB [84], the hybrid (or a posteriori) CRB [87], [91]-
[93], and the average CRB (also known as Miller-Chang Bound) [88], [93], [94]. The first
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FIGURE 3.11: dp and d; as a function of target separation (N = 50). The

magnitude of dg and d; are comparable when the separation is smaller than 1

FRC. When the separation is large, the magnitude of dj is significantly larger
than that of d;.

two are the limiting cases. In Fig. 3.9, the dotted blue line and dashed green line show the
maximum CRB and the minimum CRB with respect to y for small A¢, respectively. The
maximum CRB results at ¥ ~ 7, when the two targets interfere destructively. On the other
hand, the minimum CRB is achieved at y ~ 0. It is also clear from (3.111), noting that dy
and d; have opposite signs for small A¢ (see Fig. 3.11), that these limiting cases are given
at v =~ 1 and y = 0, respectively, when A¢ is small. The hybrid CRB and the average CRB
are both “average” type values. In Fig. 3.9, dash-dot magenta line, and solid red line show
the hybrid CRB and the average CRB, respectively. The “average” performance is derived
by regarding the phase y as a random variable. One way to obtain the average bound is to
use the following relationship:

00

p(zl0.0) = [ p(zlo.aw)py(v)dy G.121)
where, py () is the a priori distribution of y, which we can assume to be uniformly dis-
tributed over [—7, 7). From this relation, the bound of the average covariance matrix (aver-
aged over the phase y) is obtained as the inverse of the average FIM (again, averaged over
V) [87], [91], [92]. The CRB thus obtained is called the hybrid CRB. Note that hybrid CRB
is a bound for the estimators which need to be unbiased only over the ensemble. On the other
hand, the average CRB is obtained by averaging the CRB (not FIM) over y [88]. This is
derived by conditioning the estimator to be unbiased for every value of the phase y. As an
immediate result from the definition, the hybrid CRB is always looser than the average CRB,
and one can see this property in Fig. 3.9.
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The four CRBs are expressed as follows (see Appendix A.1):

CRBnax = (;)25312{'610_1611 (3.122)
CRBpin = (21\7]r>28,21fl\;{'d0id1 (3.123)
cRmyy = (1) G124
CRBye = <21\7]r> 2 Szl\IiNR : dgci:llz' (3.125)

The SRL corresponding to the four representative CRBs can be obtained, by numerically
solving (3.100), to be SRLax = 0.386, SRL i, = 0.125, SRLyyp = 0.147, and SRLyye =
0.345, when SNR is 30dB.

Analysis on the CRB for the Dual Polarization Case

In Fig. 3.10, the dotted gray lines represent the square root of the CRB for the dual polariza-
tion case given in (3.112) as functions of separation A¢ in units of FRC. The dotted blue line,
dashed green line, dash-dot magenta line, and solid red line show the maximum, the mini-
mum, the hybrid, and the average CRB, respectively. Fig. 3.10 (a), (b), (c), and (d) are for
different y values as indicated in the figure. Other parameters in this figure are N = 50 and
SNR=30dB. The four CRBs for the dual polarization case conditioned on y are expressed
as follows (also see Appendix A.1):

N\* N !
. _ (N N 3.126
max| (zn) SNR dy+di|cos(x/2)| G120
2
N N !
cRp . _ (MY N 3.127
min|@ (275) SNR dy—d,| 003(1/2)‘ ( :
N\ N 1
CRBuypo (27:) N (3.128)
N\ N do
e _ (NN 3.129
ave|@ <27’L’> SNR dg — dlz cos? (X /2) ( )

where, the maximum and the minimum CRB are respectively given by v = 7 — x /2 and
v = —x /2. The corresponding SRLs in units of FRC are summarized in Table 3.1 along
with the SRLs for the single polarization case. Note that in order to see the contribution of
only the polarization property, the SNR has been set to 33dB for the single polarization case
and 30dB for the dual polarization case. Since two pulses are transmitted in HH, VV dual
polarization case, we assume that two pulses are also transmitted for the single polarization
case. Thus, from (3.113), SNR for the single polarization case has been set to 3dB higher.

From the results shown above, first we see that Fig. 3.10 (a) coincides with Fig. 3.9. This
is because when y = 0, the expression (3.125) becomes equivalent to (3.113) with L = 2,
which means that if the polarization properties of the two targets are the same, polarimetric
information does not help and it is the same as sending two pulses by a single polarization
radar®.

8This statement is true only when the magnitude of both of the target is the same for all the polarization
channels.
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TABLE 3.1: The SRL corresponding to the four representative CRBs

| % || SRLmax | SRLmin | SRLpyy | SRLaye
Single polarization, SNR=33dB

— || 0386 [ 0.125 | 0.147 | 0.345
Dual polarization, SNR=30dB

0 0386 | 0.125 | 0.147 | 0.345

/4| 0270 | 0.125 | 0.147 | 0.232

/2| 0.198 | 0.128 | 0.147 | 0.174

T 0.147 | 0.147 | 0.147 | 0.147

Then comparing Fig. 3.10 (a), (b), (c), and (d), we see that the dispersion of the CRB with
respect to the relative phase y decreases as ) increases, and in the limiting case of ¥ = 7,
the CRB is independent of y. We can also see that the maximum CRB and the average
CRB decrease as y increases. This suggests that the polarization information contributes to
suppression of the signal interference effect. As ) increases, suppression effect increases,
and it is most effective when the polarization properties of the two targets are orthogonal to
each other. Note that if ¥ = 7, when the signals interfere destructively in one polarization
channel, then the signals interfere non-destructively in the other polarization channel. The
fact that the average CRB decreases as J increases suggests that the resolution is improved,
on average, by the signal interference suppression effect of polarization information. From
Table 3.1, the SRL corresponding to the average CRB is lower for the dual polarization
case than the single polarization case, except for when ¥ = 0. The improvement factor is
maximum at ¥ = 7 and it is about 2.3(=0.345/0.147).

On the other hand, the hybrid CRB is constant over ¥. The hybrid CRB would be
achieved when the signal phases are fluctuating and multiple ’snapshots’ are available. In
this case, having two polarization channels is equivalent to double the number of snapshots.
But it is not the case for the normal POLSAR observation. In fact, in the later section, the
performance of the PBWE is shown to be bounded by the average CRB.

It is interesting to compare the properties observed above with the study on diversely
polarized antenna arrays reported in [95]-[97], [102], in which the CRB for the stochastic
signal model is derived. For example, Fig. 3 (a) in [95] shows that the CRB for the diversely
polarized antenna is independent of the DOA (direction of arrival) separation of two sources.
Even when the two sources are located at the same position, the diversely polarized antenna
array is capable of separating the two sources on the basis of their polarization difference.
Some studies on source correlation are presented in [96], [102]. Note that the stochastic
CRB can be achieved asymptotically with increasing number of snapshots and can never be
achieved by a single snapshot.

Comparison of the Dual and Single Polarization Cases

We just showed that the maximum improvement factor of the dual polarization over single
polarization is about 2.3, and it is obtained when } = 7. In order to capture the overall per-
formance, we average (3.129) over ) assuming that y is uniformly distributed over [—7, ),
which gives

2
N ) N ! (3.130)

E{CRByp} = < : : :
2 SNR
x N
In Fig. 3.12, The dotted magenta line and the dash-dot magenta line show the square root

of the average CRB given by (3.112) with ¥ = 0 and )y = =, respectively. The solid red line
shows the square root of the overall CRB given by (3.130). These CRBs are again calculated
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FIGURE 3.12: The average CRB for the estimation error of target separation
as a function of target separation (N=50,SNR=30dB). The solid blue line and
dashed green line show the average CRB for the single polarization with 1
pulse and 2 pulses, respectively. The dotted magenta line and the dash-dot
magenta line show the average CRB for the 2 polarization channels case with
x = 0and y = «, respectively. The solid red line shows the overall CRB for
the 2 polarization channels case. Note that the two polarization channels
case with y = 0 (dotted magenta line) coincides with the single polarization
with 2 pulses (dashed green line).

for N = 50 and SNR=30dB. It can be seen that the overall CRB for the two polarization
channels case is always lower than the CRB for the single polarization case. Also note that
the two polarization channels case with y = 0 (dotted magenta line) coincide with the single
polarization with 2 pulses (dashed green line).

The statistical resolution limits of the single polarization channel case and two polariza-
tion channels case are solved numerically and are shown in Fig. 3.13 as functions of SNR.
The statistical resolution limits of the single polarization with 1 pulse case, for example, is
obtained by equating the square root of the right hand side of (3.111) with the target separa-
tion A¢ x N/2x. The single polarization with 2 pulses, two polarization channels case for
some ¥, and overall performance of two polarization channels are obtained likewise using
(3.113), (3.125), and (3.130), respectively. In Fig. 3.13, the solid blue line and dashed green
line show the statistical resolution limit for the single polarization with 1 pulse and 2 pulses,
respectively. The dotted magenta line and the dash-dot magenta line show the 2 polariza-
tion channels case with ¥y = 0 and )y = 7, respectively. The solid red line shows the overall
performance of the 2 polarization channels case.

Fig. 3.13 indicates that the statistical resolution limit is linear in the log scale. By simple
line fitting, we obtain the following approximation for the statistical resolution limit D.

Dgingle.1pts =~ 1.23-SNR™1/® (3.131)
Déingle.2pts (= Dapoty—0) =~ 1.09-SNR™!/6 (3.132)
Dipoloverall =~ 0.97-SNR™1/3 (3.133)
Dapoly—z ~ 0.82-SNR™'/4 (3.134)

Note that the statistical resolution limit for single polarization case given by (3.131) differs
from that presented in [52] where the CRB with y = 0 case is employed. The result given
here looks largely pessimistic, because it takes the signal interference effect into account.
However this representation is useful in order to compare the performance of the single and
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FIGURE 3.13: Comparisons of Statistical Resolution Limits: The solid blue

line and dashed green line show the statistical resolution limit for the single

polarization with 1 pulse and 2 pulses, respectively. The dotted magenta

line and the dash-dot magenta line show the 2 polarization channels case

with ¥ = 0 and } = 7, respectively. The solid red line shows the overall
performance of the 2 polarization channels case.

the dual polarization cases. Because the polarization information contributes to suppressing
the interference effect and improves the performance *on average’ as mentioned before.
Polarimetric, Colored Gaussian Noise case

If the background noise is dominated by homogeneous clutter, e.g., ground clutter, the noise
could show some polarization property. In such a case, and for two polarization channels, the
noise covariance can be modeled as follows:

_ 1 p/rel% _
R, = pﬁe‘jxf - s R,=1 (3.135)

where, r is the relative power of the 2nd channel and pe/% is the correlation coefficient
between the two channels. Then the CRB is given by

S r(1—p) ' (v +7%)do+2dicin

Os5 = (3.136)
@ Nnpd;—di(ch +51,)
where,

" = r+1-2py\/rcosy, (3.137)
v, = r+1-=2pyrecos(y; —va—x) (3.138)
ciz = rcos(Ag — ) +cos(Ap —yn)

—pr{cos(Ap —yi + x) +cos(Ap —yo — 1) } (3.139)
s = rsin(A¢ — ) +sin(A¢ — )

—p/r{sin(A9 — Y1 + 1) +sin(AG — ya — 7)) (3.140)

Some effects of the noise correlation are shown in Fig. 3.14. In Fig. 3.14, the CRB given
by (3.136) is shown as a function of ). In this example, the target separation is 0.3FRC,
SNR=30dB, and relative noise power in the 2nd channel is »r = 1. Fig. 3.14 (a) and (b)
respectively show the CRBs for the phase of correlation coefficients ), = 0 and & case for
some values of p. The correlation coefficient p = 0 corresponds to the white noise case.
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FIGURE 3.14: The CRB for the target separation as a function of y:
(SNR=30dB, Separation = 0.3FRC). The relative noise power in the 2nd
channel is » = 1. The solid blue line and the dashed green line respectively
show the average CRB of the single polarization case for 1 pulse and 2 pulses
case, the solid red line shows the overall CRB of the 2 polarization channels
case obtained by averaging the result of (3.136) over y, and the dash-dot ma-
genta line shows the average CRB of the 2 polarization channels case given
by (3.136).

As Fig. 3.14 (a) shows, when ), = 0 and p increases, the CRB decreases except when |x/|
is small. The CRB at y = 0 approaches that of the single polarization with 1 pulse case
when p increases. In the limiting case of p = 1 (perfect correlation), the two polarization
channels observe exactly the same value, and thus it is essentially equivalent to just observing
once with single polarization channel. On the other hand, when ¥, = =&, Fig. 3.14 (b) shows
that the CRB at y = 0 decreases when p increases. This is because, in this case, most of the
background noise energy is localized around the [1 — 1] direction in the complex polarization
space C'*2 when p is large, while two signals are both in the [1 1] direction. Therefore, the
polarization information separates the noise from the targets, resulting in lower CRB.

Polarization vector estimation error

We investigate the accuracy of the estimated polarization property, which is expressed by the
polarization vector defined in (3.54). We first derive the CRB for the polarization vectors s
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and s;. For the signal model given in (3.98) with WGN, FIM for « given in (3.78) reduces to

Sy = [ g %T } (3.141)
where,

o = H&LP Hip} (3.142)
H = SE(AO(Z) S.E‘(AO(];):| (3.143)
F = _flf;(}g f“}ojg] (3.144)
G = eéx HP, (3.145)

and _
Jo S(80)°(0) (3.146)

25(0)2 — 25" (Ag)2cos? (1 /2)

_ s'(A9)%s" (A¢)cos(x /2)
h= 25" (0)2 — 25" (A¢)2cos?(x /2) (3.147)

Note that the relative phase y disappears in (3.141)-(3.147), i.e., S, is independent of .
Since the diagonal elements in (3.141) are zero, the complex FIM [103] for a is S, = () and
the CRB for a is obtained as

CRB(a)=S,'=Q7"'. (3.148)

Then the CRB for the polarization vectors s; and s; are obtained as follows.

CRB(s,) =D,Q7'DI  (m=1,2) (3.149)
where
1 000 0100
Dl_[oo 1 0]’D2_[000 1] (3.150)

In the following analysis, the estimation error of the polarization vectors are decomposed into
two components, which are parallel and orthogonal to the polarization vector. The variance
of these two components anm’ Gi ., are bounded by the following CRBs.

ol > $hD.Q7'D,s,, (3.151)
o1, > trace{PD,Q 'D.P"} (m=1,2), (3.152)
where
Gu= M p=1-—8,8! (3.153)
[[Sml|

Since the polarization property is represented by the direction of the polarization vector, the
orthogonal component of the estimation error expresses the polarization estimation error. On
the other hand, the parallel component of the error is only related to the magnitude of the
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polarization vector. Therefore, the polarization estimation error is regarded to be small as
long as the orthogonal component of the error is small.

Fig. 3.15 shows the polarization vector estimation error normalized by the total power (or
span) of the polarization vector ||s,,||*> = 2a?, as a function of target separation. Figs. 3.15 (a),
(b), (¢), and (d) are for different ¥ values as indicated in the figure. Other parameters in this
figure are N = 50 and SNR=30dB. The solid blue line and the solid red line show the CRB
for the parallel and orthogonal component represented by (3.151) and (3.152), respectively.
The results shown in Fig. 3.15 are for target number m = 1. Note that the results for m = 2
are identical.

As a comparison, the polarization vector estimation error when the two polarization chan-
nels are individually processed is shown as dashed lines; the dashed blue line and the dashed
red line show the CRB for the parallel and orthogonal component, respectively. When the
two polarization channels are individually processed, the variance of the polarization vector
estimation error for the m-th target is given by

Congteln = SmDn Q. Dndn (3.154)
OingleLm > trace {PDmOS‘ijgleD,,T,PH} (m=1,2), (3.155)
where
. _ H+ Fsingle 0
Qsmgle - |: 0 H+ Fsingle :| (3156)
s(89)° s"(0)  s"(A9)
Fsmg]e S//(O)Z—S//(Ad))z S//(A(p) S//(O) (3157)

When the two polarization channels are individually processed, the distribution of the polar-
ization vector estimation error is isotropic. Therefore, the CRB for parallel and orthogonal
components are identical, and in Fig. 3.15, the dashed blue line always coincides with the
dashed red line.

From Fig. 3.15 (a)-(d), we see that when the target separation is larger than 1 FRC, the
CRB is the same for all cases and almost constant over the separation, and it is given by
“—SNR — 3[dB],” i.e., -33dB in this case. Noting that sum of the parallel and the orthogonal
components is -30dB, we notice that this result is consistent with the CRB for the amplitude
of a single target in a single polarization channel given by “—SNR[dB]” [100, Sec.10.8].
When the target separation is sufficiently large, the interference between the two targets is
low, so the CRB becomes equivalent to the single target case.

On the other hand, when the separation is below 1 FRC, the estimation error increases
as the separation between the targets decreases, due to the increasing influence of the signal
interference. The orthogonal component of the CRB for the dual polarization case is sig-
nificantly lower than that for individually processed case. It is especially low when y = 0,
but it is relatively constant over y if y > m/4. The parallel component of the CRB for the
dual polarization case also is lower than that for individually processed case. It depends on
X, e.g., when x = 0, it coincides with the individually processed case, while when y = 7, it
almost coincide with orthogonal component of the CRB for the dual polarization case. This
result means that when the polarization vectors of the two targets are identical, even when the
signal interference is high, only parallel component of the CRB is high and the orthogonal
component is kept low. When the polarization vectors of the two targets are orthogonal, the
signal interference is minimum, thus both parallel and orthogonal components of the CRB
are low.

These results suggest that the super-resolution method based on multi-channel signal
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FIGURE 3.15: The polarization vector estimation error normalized by the
total power (or span) of the polarization vector [|s,,||*> = 2a?, as a function
of target separation. (a), (b), (c), and (d) show the results for y = 0, /4,
n/2 and 7, respectively. Other parameters in this figure are N = 50 and
SNR=30dB. The solid blue line and the solid red line show the CRB for
the parallel and orthogonal component. the dashed blue line and the dashed
red line show the CRB for the parallel and orthogonal component of the
polarization vector estimation error when the two polarization channels are
individually processed. Note that the dashed blue line and the dashed red

line always coincide with each other.

10

model such as PBWE has the potential to obtain the better estimation accuracy of the polar-

ization properties of the targets than the methods based on single-channel signal model.
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3.4.3 Performance of the PBWE

The performance of the PBWE is evaluated via simulation and compared with the CRBs
derived in the previous chapters. The performance of BWE (Bandwidth Extrapolation) algo-
rithm for single channel signal[104] is also evaluated for comparison. In the BWE algorithm,
a linear prediction model is fitted to the spatial spectrum of the each polarization channel,
and the model is used to extrapolate the bandwidth channel by channel. PBWE utilizes a
multi-variate linear prediction model, which we call the polarimetric linear prediction model.
The model is fitted to all the polarization channel spectra and the bandwidth of the all the
polarization channel is simultaneously extrapolated according to the model [41], [42]. In the
simulation, the performance of the two method has been evaluated via Monte Carlo simu-
lation with 1,000 iterations. At each iteration, the relative phase y is randomly generated
from a uniform distribution over the range of (—m,7]. The data size N is 50 for both cases
and the order of the linear prediction filter for BWE and PBWE is set to be 6. Fig. 3.16
and Fig. 3.17 show the rmse (root mean square error) of the target separation estimation,
and Fig. 3.18 — Fig. 3.21 show the polarization vector estimation error. In these figures, the
performance evaluation results of the BWE and the PBWE are shown along with the CRBs
for single and dual polarization cases.

Fig. 3.16 and Fig. 3.17 show the results for SNR=40dB and 30dB, respectively. The
sub-figures (a) — (d) of Fig. 3.16 and Fig. 3.17 show the results for y =0, n/4, n/2 and
7, respectively. The dashed green line and the dashed magenta line show the rmse of the
target separation estimation by the BWE and the PBWE, respectively. The solid blue line
and the solid red line show the square root of the average CRB for the target separation of
the single polarization case given by (3.125) and the dual polarization case given by (3.129),
respectively. The dotted blue line and the dotted red line show the square root of the hybrid
CRB for the dual polarization case given by (A.3) and the single polarization case given by
(3.124), respectively.

It can be seen from Fig. 3.16 that the BWE and the PBWE nearly achieve the average
CRB for single polarization case and dual polarization case, respectively. Note that the CRB
for the dual channel case would not be achieved by applying the BWE individually to each
polarization channel; that is, a super resolution algorithm such as the PBWE is required to
exploit the polarization information for the resolution enhancement. From the intersection
between the dashed green line and the solid black line, the resolution of the BWE is evaluated
to be around 0.4~0.5FRC. Also, from the intersection between the dashed magenta line and
the solid black line, the resolution of the PBWE is evaluated to be around 0.4~0.5FRC for
x = 0, about 0.2FRC for y = 7 /4 and around 0.1~0.2FRC for ¥y = 7 /2 and 7.

Note that the target separation estimation error is bounded by the average CRB for both
BWE and PBWE. This is reasonable, because in order to accurately extrapolate the spectrum,
the target positions, hence the target separation, must be estimated without bias regardless of
the relative phase y. Since the hybrid CRB is a bound for the estimators that are unbiased
only over ensemble of the relative phase v, it will not be attained by the BWE nor the PBWE.
We would like to point out that the performance of MUSIC and ESPRIT given in [52] also
shows the same trend as that of BWE.

From Fig. 3.17, one can see that the target separation estimation error of the BWE is
significantly larger than the average CRB for the single polarization case, when SNR=30dB.
Likewise, the target separation estimation error of the PBWE is large compared to the average
CRB when y = 0. However, if the polarization properties of the two targets are not identical,
PBWE still almost achieves the average CRB.

Fig. 3.18 and Fig. 3.19 respectively show the orthogonal and the parallel components
of the polarization vector estimation error for SNR=40dB. Fig. 3.20 and Fig. 3.21 show
the same results for SNR=30dB. The sub-figures (a) — (d) of Fig. 3.18 — Fig. 3.21 show
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the results for y =0, w/4, /2 and &, respectively. The dashed green line and the dashed
magenta line show the rmse of the polarization vector estimation by the BWE and the PBWE,
respectively. The solid blue line and the solid red line show the square root of the CRB for
the polarization vector estimation error for the dual polarization case and the individually
processed case.

It can be seen from Fig. 3.18 that the PBWE nearly achieves the average CRB for the
orthogonal component of the polarization vector estimation. In Fig. 3.18(a), we see a signif-
icant deviation from the CRB when target separation is around 0.3FRC. This indicates that
the polarization estimation error of the PBWE could grow large around the SRL; note that
from Fig. 3.16 and Table 3.1, we see that the SRL is 0.345FRC when )} = 0. On the other
hand, the orthogonal component of the polarization vector estimation error of the BWE is
10 to 20dB larger than the CRB. From Fig. 3.19, the parallel component of the polarization
vector estimation error of the BWE and the PBWE are both larger than the CRB by around
10dB. As mentioned before, the parallel component do not affect the estimation accuracy of
the polarization property of a target. In addition, the error is below -10dB for well separated
targets. From Fig. 3.20 and Fig. 3.21, we can see that the the trend observed in Fig. 3.18
and Fig. 3.19 still holds for SNR=30dB. In Fig. 3.20(b), we see a significant deviation from
the CRB when target separation is around 0.4FRC. This is because the resolution limit of the
PBWE for ¥ = /4 and SNR=30dB is around 0.4FRC as we can see from Fig. 3.17. From
these results, we can conclude that the polarization estimation accuracy of the PBWE nearly
achieves the CRB, and it is higher than that of the BWE. But at the same time, the result does
suggest that there is a room for the performance improvement.
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FIGURE 3.16: The target separation estimation rmse of BWE and PBWE
along with the average and the hybrid CRB for the dual and single polariza-
tion cases. The solid blue line and the solid red line show the square root
of the average CRB for the target separation of the single polarization case
and the dual polarization case, respectively. The dotted blue line and the dot-
ted red line show the square root of the hybrid CRB for the dual polarization
case and the single polarization case, respectively. The dashed green line and
the dashed magenta line show the rmse of the target separation estimation by
BWE and PBWE, respectively. (N = 50 / SNR=40dB / order of the linear
prediction filter for BWE and PBWE = 6)
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Chapter 3. Resolution Enhancement Method For Polarimetric SAR 66

3.5 Conclusion

In this chapter, we introduced a super-resolution algorithm designed for polarimetric SAR,
termed Polarimetric Bandwidth Extrapolation (PBWE). Based on bandwidth extrapolation
(BWE), which was originally developed for single-polarization SAR, PBWE utilizes full po-
larization information to enhance resolution while preserving scatterers’ polarization prop-
erties. We further extended PBWE to a two-dimensional framework (2D-PBWE), enabling
simultaneous bandwidth expansion in both range and azimuth directions. To evaluate the
effectiveness of 2D-PBWE, we applied it to real POISAR images with bandwidth restricted
to half of its full range. The reconstructed images demonstrated a correlation coefficient of
0.97 with the original, signifying near-perfect restoration of image quality. Given that Pol-
SAR generates four times the data volume of single-polarization SAR, bandwidth constraints
in data transmission are a concern. However, our findings show that 2D-PBWE effectively
mitigates this issue by reducing bandwidth to half while maintaining near-original resolution
through ground processing, significantly alleviating transmission bottlenecks.

Furthermore, we derived and analyzed the Spatial Resolution Limit (SRL) of polarimetric
radar, comparing it to that of single-polarization radar. Our results indicate that polarization
information plays a critical role in suppressing signal interference effects, leading to a lower
SRL for polarimetric radar on average. Specifically, when the polarization properties of two
closely located targets are orthogonal, interference is minimized, and the SRL becomes in-
dependent of relative phase. At an SNR of 30 dB, dual-polarization radar exhibits up to 2.3
times the resolution improvement over single-polarization radar. Additionally, we derived
the Cramér-Rao Bound (CRB) for polarization vector estimation, demonstrating that PBWE
substantially improves polarization estimation accuracy beyond conventional methods. Nu-
merical simulations confirmed that PBWE nearly achieves the average CRB for target sepa-
ration estimation at high SNR (30-40 dB). Moreover, the CRB for dual-channel cases cannot
be attained by independently applying BWE to each polarization channel, underscoring the
necessity of PBWE for maximizing resolution enhancement.

While PBWE achieves remarkable accuracy in polarization estimation, some discrepan-
cies in target magnitude estimation remain, indicating room for further refinement. The SRL
and CRB derived in this study serve as theoretical benchmarks against which real-world per-
formance can be assessed. Future research should explore PBWEs efficacy across diverse
target types and further investigate the impact of interference from nearby objects.
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Chapter 4

Target Detection and Velocity
Estimation Methods for
Multi-Channel SAR-GMTI

4.1 Introduction

Recently, SAR-GMTI (Synthetic Aperture Radar -Ground Moving Target Indication) is em-
ployed not only by airborne SAR systems, but by spaceborne SAR systems as well, and it is
becoming more evident that SAR-GMTI significantly enhances the capability of spaceborne
SAR systems to monitor activities in the observed area(e.g. [105]). Meanwhile, the current
spaceborne SAR-GMTI systems often suffer from their low performance for detecting slowly
moving targets, due to the relatively short baseline for the very high velocity of the satellite.
A possible solution for this is to employ multi-channel system with large and preferably
non-uniform baselines. In this paper, we propose algorithms for multi-channel SAR-GMTI
system to enhance the target detection performance as well as target velocity estimation.
SAR-GMTI algorithms can roughly be categorized into two classes. The first class of
algorithms work on the processed SAR image (e.g. [106]), and the second class of algo-
rithms work on the raw data (e.g. [107]-[110]). We propose SAR-GMTI algorithms for
multi-channel SAR systems that work on the processed images, which we call Multi-channel
DPCA (Displaced Phase Center Antenna), Multi-channel ATI (Along Track Interferometry)
and Multi-channel DPCA-ATI[45], [46]'. Multi-channel DPCA is a deterministic algorithm
which suppresses the clutter and azimuth ambiguity at the same time and achieves high tar-
get detection performance. The algorithm is constructed based on the observation that the
relative phase of the azimuth ambiguity between the multiple receive channels is fully deter-
mined by the observation geometry and sensor parameters. Therefore, a notch type filter that
suppresses the ambiguity, as well as the clutter, can be prepared solely from the observation
geometry and sensor parameter information, and it is feasible because the SAR observation
geometry is usually well under control. Most adaptive algorithms such as STAP (Space Time
Adaptive Processing) [107], assume that the clutter covariance is uniform around the sample
of interest and estimate the clutter covariance from the adjacent samples; however, this ap-
proach often suffers from strong azimuth ambiguities which tend to behave as isolated (and
somewhat blurred) targets. On the other hand, the proposed Multi-channel DPCA success-
fully suppresses this type of azimuth ambiguity, since it does not require the uniform clutter
covariance assumption. Multi-channel ATT is the set of ATI images of all the pairs of multi-
channel SAR, and the target radial velocity is estimated by applying the matched filter bank
to Multi-channel ATT output. Multi-channel DPCA-ATI is a combination of Multi-channel

ISimilar ideas have been proposed [111]-[114], but to the best of authors’ knowledge, exact same ideas do
not seem to have appeared in the literatures. Recently proposed EDPCA (Extended DPCA) includes refocusing
of moving target and is quite different from the proposed Multi-channel DPCA[110].
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DPCA and Multi-channel ATI. The clutter suppressed signal is provided by Multi-channel
DPCA as the input for the Multi-channel ATI. Both Multi-channel ATI and Multi-channel
DPCA-ATI reduce the target radial velocity ambiguity by exploiting the multiple receive
channel signals. Multi-channel DPCA-ATTI further achieves robust performance to clutter
influence by suppressing the clutter and the azimuth ambiguity in advance.

This chapter is organized as follows. In Section 4.2, the geometry and the signal model
is provided, and the proposed algorithms are presented in Section 4.3. Section 4.4 presents
the effects of the proposed algorithms through airborne Ku-band three-channel SAR exper-
iments. Section 4.5 provides statistical performance analysis of the proposed algorithms to
discuss the potential performance on the spaceborne system. A straightforward method for
determining the optimal baselines for non-uniformly spaced multi-channel system that mini-
mize the moving target signal loss is also provided in this section.
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4.2 Geometry and signal model

We consider a multi-channel SAR-GMTI system with N, antennas located along the flight
direction. Fig. 4.1 illustrates the observation geometry of the system with N, = 3. The
platform moves with constant velocity V, along x-axis at altitude 4 above ground. The moving
target is assumed to be on the ground, and the slant plane is defined as the plane containing
the flight path and the target position at the time when the target is at the beam center. The y-
axis is defined as the cross-track direction in the slant plane. The radar pulses are assumed to
be transmitted from the first antenna A and received by all the antennas A, (¢ = 1,2,--- ,N,),
in which case, the location of the phase center of the g-th channel can be approximated by
the midpoint P, of the transmit antenna A and the receive antenna A,. The distance from the
phase center P, to P, along x-axis, which we call effective baseline, is denoted by d,,. Note
that in this paper, the effective baseline d,, is a signed value with the sign representing the
direction along x-axis.

In Fig. 4.1, (x0,y0) represents the position of the moving target at § = 0, where 7 is the
azimuth time (slow time) referenced to the time when the target is at the beam center. The
origin O is set at the position of the phase center P; at 7 = 0. Then the positions of the phase
centers P, (¢ = 1,2,---,N,) at azimuth time 7] are expressed as

(Vin+dig. 0), 4.1)

where we define that dj; = 0. The position of the moving target at azimuth time 7 is ex-
pressed as

(x0 +veon +&x(N), Yo+ vyom +8y(N)), (4.2)

where, Ty = [v.0 v,0]" is the target velocity at 1 = 0 and g, (1) and g,() are higher order
terms and the superscript of T represents the transpose. From (4.1) and (4.2), the distance

Vo = (vx() > Vy()

FIGURE 4.1: The observation geometry of the multi-channel SAR system
(Na = 3).
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between the phase center P, and the moving target at the azimuth time 1) is given by
{x0+vion +gx() —Vim —dy, )’
+ {0+ von+e(n)}
(g=1,2,---,N,).

In the algorithm proposed in this paper, the SAR images observed by the N, channels
are first registered to the first channel (reference channel) and the channel imbalances are
compensated. If the phase centers are not exactly aligned on the track, e.g. due to the
attitude of the platform, topographic phase correction is required. In most cases, the cross
track baseline can be kept relatively small; therefore, the influence of the topographic phase
is limited, and it can readily be removed by an algorithm such as the one we previously
presented in [115]. The registered and balanced multi-channel SAR images are modeled as
follows:

Zmpn = [Zl (m’n)a"'ZNa<m’n)]T
= Smn + Umn + Wm,ns (44)

where, z,(/m,n) is the pixel value at pixel number (m,n) of the SAR image observed by the
g-th channel, s, », U n, W, are N, dimensional vectors which represent the moving target
signal, clutter and white Gaussian noise, respectively.
The signal phase of the moving target in the g-th channel of the registered SAR images
is
4w d1q

¢q = TRQ (nlq) + (Ptgt, nlq = _7r’ (4-5)

where 1, is delay time of the g-th channel to the first channel (also called as the inter-
channel travel time[116])?, Orgt represents the phase shift upon reflection, which is assumed
to be constant over the channels. Then the phase difference between the g-th channel and the
first channel is given by

A‘qu = (Pq*(Pl
dg,
dn]q nlq:O

47
TVlosOnltp (4.6)

1

Mg (Mg < 1)

where vios0 = Vo - Flos 1S the target velocity in the radar line-of-sight direction 7. In this
paper, we call vi, the target radial velocity. Note that the phase difference A¢y, corresponds
to the displacement of the moving target in radar line-of-sight direction between the time of
acquisition of the g-th channel and the first channel. Also note that even though the moving
target image is, in general, blurred in the SAR image due to the motion[117], the phase
difference A¢, is independent of the blur as long as the effective baseline is sufficiently small
so that 111, < 1. From (4.5) and (4.6), the moving target signal in the g-th channel s,(m,n)
can be modeled as

. An
8q(m,n;vies0) = Ae I — Ap=I T VoM 4.7)

where A is the complex amplitude with phase ZA = ¢;. The amplitude A can be regarded to
be constant over the channels.

2Note that the positive delay M14 corresponds to the negative dy, and that 17y; = O for the first channel.
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The clutter is assumed to be perfectly stable over the observation time. Then, if the DPCA
condition is satisfied, i.e., no resampling is required upon registration, the clutter including
the azimuth ambiguity component is identical over the channels[116], and the clutter can be
modeled as u,,,, = c¢(m,n)1, where 1 is an N, dimensional vector whose elements are all
1 and c¢(m,n) is the clutter amplitude. If the DPCA condition is not satisfied, resampling
introduces phase shift to azimuth ambiguity component. The clutter including the azimuth
ambiguity component can be modeled as (the derivation is provided in Appendix B)

Unn = Dcm,n (4.8)
1 e 1 - 1 7
e*janaFanH R ejzn'KaFaan
D =
e—janaFanlNa N e ejZEKaFanlNa
—K, 0) K, 17
Cnn = [c< D (mon),-- ¢ (mn),- &) (m,n)

where F, is the pulse repetition frequency (PRF), K, is the maximum order of the azimuth
ambiguity and ¢* (m,n) represents the azimuth ambiguity of k-th order in the first (reference)
channel. D is N, x K matrix (K = 2K, + 1) which represents the signal space for the clutter
and the azimuth ambiguity.
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4.3 Algorithm

4.3.1 Multi-channel DPCA for clutter suppression

Substituting the clutter model given in (4.8) into (4.4), the signal model of the multi-channel
SAR images is expressed by

z=s+Dc+w. 4.9)

If the order of the azimuth ambiguity is sufficiently small to satisfy K < N,, the clutter and the
azimuth ambiguity component can be suppressed by the orthogonal projection given by[103]

t={1-D(D"D)"'D"}z=Pz, z=[n. 5], (4.10)

where I is the N, X N, identity matrix, P is an orthogonal projection matrix, the superscript
of H represents the conjugate transpose, and Z is an N,-dimensional signal after clutter sup-
pression. The detection test statistic is given by ||Z||?, which is the power sum of the clutter
suppressed signals 7, (g = 1,---,N,). In the case of the dual channel system operated under
DPCA condition (N, = 2 and D = 1), the test statistic becomes ||Z||?> = |z; — z2|?/2, which
is essentially the conventional DPCA power image. Namely, the algorithm can be regarded
as a natural extension of the conventional DPCA to the multi-channel system, so we call the
algorithm Multi-channel DPCA.

In practice, the major cause of the azimuth ambiguity is the aliased mainlobe clutter as
shown in Fig.4.2, where Uy ( fy) is the Doppler spectrum of the clutter and f, represents
the Doppler frequency>. In this case, the azimuth ambiguity can effectively be suppressed
by dividing the Doppler spectrum into half and apply different orthogonal projection matrix
for each half, i.e., the orthogonal projection matrices for the lower and the upper half are
constructed to suppress the ambiguity of order k = —1 and k = 1, respectively. For example,
in case of a three-channel system, the orthogonal projection matrices for the lower and the

(CAMEAS I T A N MV

/J power r/

. /_
\,
\
\
\

ch Doppler freq.

F,

a

FIGURE 4.2: The Doppler power spectrum.

3See Appendix B for more detailed definition of Uore(fn)
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upper half can be obtained by setting D with D_ and D, respectively, which are given by

1 1 1 1
D = |1 /2hm | D, = |1 P2%m || (4.11)
1 e J27nFams 1 e/2®Fans

After obtaining the clutter suppressed images for both upper and lower band images, they
can either be coherently or incoherently combined.

Note that the projection matrix P is determinstic and uniform over the entire image,
and it is determined solely by the observation geometry and sensor parameter information.
Unlike most adaptive algorithms such as STAP, Multi-channel DPCA does not assume the
clutter covariance to be locally uniform; therefore, it successfully suppresses strong azimuth
ambiguities which tend to behave as isolated (and somewhat blurred) targets.

4.3.2 Multi-channel ATI, Multi-channel DPCA-ATI

The Multi-channel ATT outputs a C(N,,2) dimensional vector ¢ which consists of the ATI
images of all the pairs of the multi-channel SAR images, and the v-th element of which is
given by

€, = X z(mn)zg(mn), (4.12)

m,nEQNL
pzl"“aNa_lv
q:P+1a"',Na,

p—1
v=g+ ) r(N.—r)
r=0

where )y, denotes the group of N;, neighboring pixels, i.e., Ny, is the multilook number.
Using the output ¢ , the target radial velocity vjo is estimated as follows:

Vioso = argmax {Pmati (VIOSO)} s
Vios0
2
Prasi (Vlos()) = {hgaﬁ (VIOSO) é" . (413)

In (4.13), Bmati (Vieso) is @ matched filter and the k-th element of which is given by:
[hmati (Vloso)]v = 3 (VIOSO) SZ; (Vloso) s (4.14)

pzl,"',Na—l,
q:p+1,"'>Na,

p—1
v=gqg+ Zr(Na—r)
r=0

where s, (Vioso) 18 given in (4.7).
For the Multi-channel DPCA-ATT, the Multi-channel DPCA outputs, instead of the orig-
inal multi-channel SAR images, are put into the Multi-channel ATI, and the matched filter
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FIGURE 4.3: Multi-channel DPCA-ATI method.
for this case is given by:
[hmdpcaati (VIOSO)]V = §p (VIOSO) SZ (VIOSO) s (4.15)
p: 1’“'7Na_1 ’
q:p+17"'7Na7
p—1
k=qg+ Zr(Na—r)
r=0
o —1
5 (Vo) = {I—D (D" D) DH}s(vloso) : (4.16)
o o o T
§(Vioso) = [51 (Vios0) -8, (Vioso)] 4.17)

Fig. 4.3 summarizes the processing steps of the Multi-channel DPCA-ATI method. Sim-
ilar idea has been presented in [112], where they apply conventional DPCA to the pairs of
two images out of the multi-channel image and then apply conventional ATI to the pairs of
the DPCA outputs. In their approach, the influence of the clutter can be suppressed by ap-
plying DPCA prior to ATI process; however, the azimuth ambiguity components still remain
in the DPCA outputs. The Multi-channel DPCA-ATT method suppresses the influence of the
azimuth ambiguity as well as clutter.

Once the target radial velocity v is estimated, the azimuthal displacement Ax is calcu-
lated as[116]

Vlos0
V.’

Ax = —Ry (4.18)

where Ry is the slant range of the target.

4.3.3 Along track velocity estimation

After a moving target is detected and its radial velocities and the azimuth positions are esti-
mated, the along track velocity is estimated from the azimuth line signal which contains the
moving target signal. Fig. 4.4 shows the block diagram of the algorithm. If we let the range
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FIGURE 4.4: Along track velocity estimation method.
cell number of the moving target signal be m;, the azimuth line signal is
zqg(my,n), g=1,,N;; n=1,,N. (4.19)

First, azimuth window is applied to the azimuth line signal to extract the target signal. Since
the moving target signal is blurred in many cases, the window is set sufficiently large to
capture most of the signal energy. Then the signal is decompressed by applying the conjugate
of the azimuth reference function. The decompressed signal can be expressed as follows:

Ar
sq(M) =aqe><p{—J7LRq(n)}, q=1,,Ng, (4.20)

where 1) is the parameter that defines the azimuth position of the phase center P, in slow time
domain. The R,(n) is the distance between the phase center P, at the azimuth position of
V,n and the moving target. For the sake of the following development of formula, the signal
is expressed as the continuous signal in (4.20), although it is a discrete signal sampled at the
rate of PRF (Pulse Repetition Frequency). The moving target range history R, (7 )is given as
follows:

Ry(n) = \/(yo +1,0(n +mq))> + (x0 +v,:0(n +Mig) —V,n)* (4.21)

While the phase difference of the azimuth decompressed signals of the p-th and g-th channel
is obtained by

Opa() = 2 {5550} = 5 {Ry() ~ Ry(m)} “22)
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FIGURE 4.5: Sub-aperture setting.

From (4.21) and (4.22), and assuming |vyo| < |V
can be expressed as follows:

, the rate of the phase difference at 1 =0

4 . .
wa(0) = S5 {Ry(M) = Ry(m)) (423)
4
~ ;-TK’{vxo(vxo—vr)Jrvio} (4.24)

Solving (4.23) for v,g, the target along track velocity is obtained as follows:

Vyo % {Vr - \/V,2 — 43+ 2 : (W) } (4.25)

If the phase difference is evaluated directly from the azimuth line signal as in (4.23),
residual clutter and noise could affect the accuracy of the calculated phase difference. In
order to improve the SNR and SCR before calculating the phase difference, sub-aperture
processing is applied to the azimuth decomposed signal as shown in Fig. 4.5. Then the phase
difference is obtained at the peak of the target signal. In addition, DPCA can be applied to
each sub-aperture image to further suppress the clutter before obtaining the phase difference
as in (4.22). In that case, (4.25) has to be slightly modified so that the phase difference of the
DPCA images are utilized to estimate the along track velocity.

4.3.4 Summary of the algorithm

In summary, Fig.4.6 shows the block diagram of the full process. After co-registered and
balanced multichannel SAR images are generated, multi-channel DPCA is applied to the
images to detect the moving target. For each detected target, the radial velocity is estimated
using multichannel DPCA-ATI, and the azimuth position of the moving target is estimated
based on the estimated radial velocity. Finally, along track velocity of the moving target is
estimated from the azimuth line signal which contains the moving target signal.
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FIGURE 4.6: Full process of the moving target detection and velocity esti-
mation method.
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4.4 Experimental results

4.4.1 Experimental setup and parameters

In July 2011, we have conducted a SAR-GMTI experiment using an airborne Ku-band three-
channel SAR system shown in Fig. 4.7. Table 4.1 shows the specifications of the system and
the acquisition parameters. Three antennas A;, A, and A3z are connected to receivers, and
the rearmost antenna (the antenna A3 at the far right in Fig. 4.7) is also connected to a trans-
mitter via a circulator. The physical baselines between the apertures are 0.622m, 0.330m
and 0.952m corresponding to the effective baselines of dj» = 0.311m, dy3 = 0.165m and
diz = 0.476m, respectively. The relatively large baselines enable the detection of slowly
moving target, and the non-uniform spacing contributes to the reduction of blind velocities.
The PRF has been set rather low (F, = 2,500Hz) to see the influence of the azimuth ambigu-

1ty.

0.622m  '0.330m
0.952m

FIGURE 4.7: Airborne Ku-band SAR system. Three antennas are connected

to receivers, and the rearmost antenna (the antenna at the far right in the pic-

ture) is used for transmitting. The physical baselines between the apertures

are 0.622m, 0.330m and 0.952m corresponding to the effective baselines of
dip =0.311m, dp3 = 0.165m and d;3 = 0.476m, respectively.

TABLE 4.1: Specifications of the airborne Ku-band SAR system

Parameters Value
Center frequency 16.45GHz
Transmitted signal bandwidth | 250MHz
Peak transmitted power 300W
Pulse Repetition Frequency 2500Hz
Polarization \'A%
Platform velocity 98.98 m/s
Effective baseline 0.311, 0.165m, 0.476m
Off-nadir angle 60deg
SAR mode Strip map
Swath width ~ 3km
Platform Gulfstream II
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(a) Motorcycle (b) Van

FIGURE 4.8: The vehicles used for the experiment. (a) A motorcycle with
two corner reflectors attached on the front and the rear part. (b) A middle-
sized van.

In this experiment, two vehicles equipped with GPS data logger, shown in Fig. 4.8, drove
along frontage roads running parallel to the street running across the flight direction. Besides
the controlled vehicles, several vehicles were found on the street at the time of observation.

4.4.2 The clutter and azimuth ambiguity suppression results of Multi-channel
DPCA

Fig. 4.9 shows the co-registered and balanced SAR images of the area containing the con-
trolled vehicles. From Fig. 4.9, one can observe that the three images are visually quite the
same. Also note that the azimuth ambiguity is unrecognizable in these images.

Fig. 4.10 shows the Multi-channel DPCA output power images ||Z|| of the correspond-
ing area. Fig. 4.10(a), (b) and (c) show the output images of Multi-channel DPCA with
D =1 using full, lower half and upper half Doppler bands, respectively. The clutter is well
suppressed in these images; however, significant amount of azimuth ambiguity is observed
besides the moving target signal. Note that the azimuth ambiguity patterns observed in (b)
and (c) are different, and the azimuth ambiguity pattern in (a) is the superposition of the two
patterns. Fig. 4.10(d), (e) and (f) show the output images of Multi-channel DPCA with am-
biguity suppression. For (e) and (f), D = D_ and D, in (4.11) are employed, respectively.
For (d), D = D_ and D are employed for lower and upper Doppler bands, respectively,
and the clutter (as well as ambiguity) suppressed Doppler bands are coherently combined
to obtain the final image. Comparing (d), (¢) and (f) with (a), (b) and (c), respectively, one
can observe that the azimuth ambiguity is well suppressed. Quantitative analysis on azimuth
ambiguity suppression is given in Fig. 4.11. Let the power images in Fig. 4.10 (a) and (d) be
|Z]]1 and || Z||2, respectively, then Fig. 4.11 (a) shows the ratio of the two images, || Z||1/||Z]2.
Fig. 4.11 (b) shows the histogram of the ratio. From Fig. 4.11, more than 20dB suppression
is observed for very strong azimuth ambiguity.

A magnified small area containing the controlled moving target (the van) signal is shown
in Figs. 4.12, 4.13. Comparing Fig. 4.12 and Fig. 4.13, one can see that the background
clutter is suppressed on the order of 15-20dB, and the moving target signal at the center of
the scene can readily be identified in the Multi-channel DPCA output. In addition, we find
that the azimuth ambiguity is more suppressed in Fig. 4.13(d), (e) and (f) than in Fig. 4.13(a),
(b) and (c). The ratio of the power images in Fig. 4.13(a) and (d) is shown in Fig. 4.14(a)
and (b) in the form of an image and a histogram, respectively. From Fig. 4.14, the azimuth
ambiguity surrounding the target signal is suppressed up to on the order of 10dB.
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FIGURE 4.9: The co-registered and balanced Multi-channel SAR images.

The second channel has been used as the reference channel. The topographic

phase has been removed using the algorithm shown in [115]. The unit for
the side bars is "dB.’
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FIGURE 4.10: The output power image ||Z|| of the Multi-channel DPCA. (a),
(b) and (c) show the output images of Multi-channel DPCA with D =1 using
full, lower half and upper half Doppler bands, respectively. (d), (e) and (f)
show the output images of Multi-channel DPCA with ambiguity suppression.
For (e) and (f), D = D_ and D = D in (4.11) are employed, respectively.
For (d), D = D_ and D = D are employed for lower and upper Doppler
bands, respectively, and the clutter and ambiguity suppressed Doppler bands
are coherently combined to obtain the final image. The unit for the side bars
is ’dB.” The dynamic range of (b),(c),(e) and (f) are set 3dB lower from the
others, in order to level the brightness of the noise floor. In (a) and (d), white
and cyan circles indicate the strong azimuth ambiguities and moving target
images, respectively. Comparing (d)-(f) with (a)-(c), we can see that the
azimuth ambiguities are successfully suppressed.
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FIGURE 4.11: The ratio of the Multi-channel DPCA output power images
shown in Fig. 4.10 (a) (||£]]1) and (d) (||£]|2). The unit for the side bar in (a)

is ’dB”
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FIGURE 4.12: The co-registered and balanced Multi-channel SAR images
(magnified around a moving target signal). The unit for the side bars is ’dB.’
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FIGURE 4.13: The output power image | Z| of the Multi-channel DPCA

(magnified around a moving target signal). The unit for the side bars is ’dB.’

In (a) and (d), the cyan circle indicates the moving target image. In (a),
strong azimuth ambiguities are observed in the whte circle.
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FIGURE 4.14: The ratio of the Multi-channel DPCA output power images
shown in Fig. 4.13 (a) (||£]]1) and (d) (||£]|2). The unit for the side bar in (a)
is ’dB.
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FIGURE 4.15: The DPCA filter gain, defined as the DPCA output power
normalized by the input signal power, as a function of the target radial veloc-
ity. (a) The solid red line shows the filter gain of the Multi-channel DPCA
with D = 1. The dashed green line, dotted blue line and dash-dot cyan line
show the filter gain of the conventional two-channel DPCA with effective
baseline djp = 0.311m, dr3 = 0.165m and d;3 = 0.476m, respectively. (b)
The solid red line, dash-dot magenta line and dashed blue line show the filter
gain of the Multi-channel DPCA with D =1, D =D_ and D = D_, re-
spectively.
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Fig. 4.15 shows the DPCA filter gain, defined as the DPCA output power normalized by
the input signal power, as a function of the target radial velocity. In Fig. 4.15 (a), the solid
red line shows the filter gain of the Multi-channel DPCA with D = 1. The dashed green line,
dotted blue line and dash-dot cyan line show the filter gain of the conventional two-channel
DPCA with effective baseline djp = 0.311m, d>3 = 0.165m and d;3 = 0.476m, respectively.
In Fig. 4.15 (b), the solid red line, dash-dot magenta line and dashed blue line show the filter
gain of the Multi-channel DPCA with D =1, D = D_ and D = D_, respectively. It can
be seen from Fig. 4.15 that the blind velocities are resolved in the Multi-channel DPCA;
however, it is observed that the filter gain significantly drops at target radial velocity around
5.5m/s. Fig. 4.15 suggests that optimization of the baselines, which determine the filter gain,
is desired to minimize the moving target signal loss. This issue is discussed further in the
next section.

4.4.3 The radial velocity estimation results of Multi-channel ATI, Multi-channel
DPCA-ATI

Fig. 4.16 (a) and (b) show the results of target radial velocity estimation based on the Multi-
channel ATT and Multi-channel DPCA-ATI, respectively. In Fig. 4.16, the power average
of the three images is assigned to green and blue, while the Multi-channel DPCA power
image ||Z|| is assigned to red. Consequently, the moving target signal appears as orangish in
these images. In Fig. 4.16, a circle indicates the position where the target signal is detected.
The radial velocity and the corresponding azimuthal displacement has been estimated for
these detected targets. The azimuthal displacement has been estimated by (4.18). The square
indicates the estimated moving target position after correcting the azimuthal displacement,
and the arrow indicates the estimated direction of the target radial velocity. Note that the the
arrow is not the target velocity vector; it just indicates if the target is moving toward or away
from the radar®.

It would be possible to estimate along track velocity to achieve velocity vector estimation, e.g., by employing
an algorithm proposed in [112], but it is beyond the scope of this paper.
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FIGURE 4.16: The results of target radial velocity estimation based on the
Multi-channel ATT and Multi-channel DPCA-ATT. The power average of the
three images is assigned to green and blue, while the Multi-channel DPCA
power image || Z|| is assigned to red. Consequently, the moving target signal
appears as orangish in the images. The circle indicates the position where the
target signal is detected. The square indicates the moving target position after
correcting the azimuthal displacement, and the arrow indicates the estimated
direction of the target radial velocity. The two control vehicles are indicated
by magenta and the other detected vehicles are indicated by cyan.

In Fig. 4.16, the two controlled vehicles are indicated by magenta and the other detected
vehicles are indicated by cyan. Table 4.2 shows the estimated radial velocity and the azimuth
displacement of the two controlled vehicles. The estimation error shown in Table 4.2 has been
evaluated from the estimated azimuth position of the target. The magnified images are pro-
vided for the two controlled vehicles in Figs.4.17 and 4.18 along with the velocity estimation
function Prati (Vioso) and Prdpeaati (Vioso)- The radial velocities are estimated from the peak po-
sition of the velocity estimation functions indicated by the red circles in Figs.4.17 (¢), (d) and
Figs.4.18 (c), (d). As it can be seen from Fig. 4.17 (b) and Fig. 4.18 (b), the Multi-channel
DPCA-ATI obtains a very accurate estimation, since the estimated azimuth positions of the
motorcycle and the van are right on top of the frontage roads where the vehicles were driving
3. In these cases, the maximum error of the azimuth displacement is evaluated as approxi-
mately the lane width (3m), and the corresponding maximum velocity estimation errors have
been derived as 0.12m/s and 0.11m/s for the motorcycle and the van, respectively®. On the
other hand, the estimations obtained by the Multi-channel ATI contain large errors caused by
the clutter.

Six non-cooperative targets are detected in Fig. 4.16. Two of them around range 2,200m
are false alarms corresponding to a power pole and a sign on the side of the street. Four other
targets are likely to be the vehicles driving along the street at the center of the image’. It
can be seen from Fig. 4.16 (a) that the Multi-channel ATI suffers from significant velocity

5Note that cars drive on the left in Japan.

6 According to the GPS data, the speed of the motorcycle and the van was 22km/h and 23km/h, respectively,
which is consistent with the estimated radial velocity of 18.7km/h and 18.0km/h obtained by the Multi-channel
DPCA-ATI.

7Unfortunately, the video camera set for the groundtruth did not cover the whole street.
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TABLE 4.2: The target radial velocity and azimuth displacement estimation

error
Algorithm Target Radial velocity Azimuthal displacement
estimation error estimation error
Multi-channel | Motorcycle 0.11m/s 5.3m/s -2 7m 141m
ATI (0.38km/h) | (19.1km/h)
Van 5.2m/s 0.18m/s -143m Sm
(18.7km/h) | (0.65km/h)
Multi-channel | Motorcycle -5.2m/s < 0.12m/s 129m <3m
DPCA-ATI (-18.7km/h) | (0.43km/h)
Van 5.0m/s < 0.11m/s -138m <3m
(18.0km/h) | (0.41km/h)
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FIGURE 4.17: The radial velocity estimation results of the motorcycle. (a)
The magnified Multi-channel ATT image, (b) The magnified Multi-channel
DPCA-ATI results (c) The velocity estimation function Pmati(Vloso), (d) The
velocity estimation function Ppgpcaati (Vios0)-

(d) Multi-channel DPCA-ATI
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estimation error for low SCR targets. In Fig. 4.16 (b), only one target is off the street. At
the channel imbalance correction stage, the topographic phase has been removed using the
algorithm presented in [115]. This could introduce some non-negligible phase error for a
target whose phase center height is significantly higher than the surrounding environment.
Considering the height of the power pole is about 15m, it is not unlikely that the azimuth
position estimation error observed for one of the false alarms in Figs. 4.16 (b) is due to its
height.

4.4.4 The along track velocity estimation results

Fig. 4.19 shows the results of target detection and velocity estimation by the proposed al-
gorithm. In Fig. 4.19, the two controlled vehicles are indicated by magenta, and the arrow
shows the estimated velocity. Unlike Fig. 4.16, the arrows in this figure do reflect the target
velocities —they are estimated velocity vectors. It is obtained from the radial velocity and
along track velocity estimated by the full processing shown in Fig. 4.6.

The input SCNR (Signal to Clutter and Noise Ratio) of the motorcycle and the van has
been 7.6dB and 10.0dB, respectively. Table 4.3 shows the estimated along track velocity,
radial velocity and the azimuth displacement of the vehicles. The estimation error shown
in Table 4.3 has been evaluated from the estimated azimuth position of the target. As pre-
viously stated, the estimated azimuth positions of the motorcycle and the van are right on
top of the frontage roads where the vehicles were driving. Therefore, we can evaluate the
maximum error of the azimuth displacement as approximately the lane width (3m), and the
corresponding maximum radial velocity estimation errors have been derived as 0.12 m/s and
0.11 m/s for the motorcycle and the van, respectively. Then, in Fig. 4.19, we observe that the
arrows are parallel to the frontage roads, which means that the along track velocity also is
accurately estimated. Since the estimated velocity vector is parallel to the road, we assume
that the maximum along-track velocity error and the radial velocity error are proportional to
the estimated values. Based on these observations, the maximum along-track velocity errors
have been evaluated as 0.016 m/s for the motorcycle and 0.014 m/s for the van, respectively.
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FIGURE 4.19: The along track and radial velocity estimation results of the
motorcycle and the van.

TABLE 4.3: The target along track velocity, radial velocity and azimuth
displacement estimation error

Target Along track velocity Radial velocity Azimuthal displacement
estimation error estimation error estimation error
Motorcycle | -0.69 m/s | < 0.016m/s | -5.2m/s < 0.12m/s 129m <3m
Van 0.65m/s | <0.014m/s 5.0m/s < 0.11m/s -138m <3m
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4.5 Performance evaluation

In this section, statistical performance of the Multi-channel DPCA, Multi-channel ATI and
Multi-channel DPCA-ATT are evaluated to illustrate the expected performance of the pro-
posed algorithms on formation flight spaceborne SAR systems. The detection performance
of the Multi-channel DPCA is evaluated analytically, and the target radial velocity estimation
performance of Multi-channel ATI and Multi-channel DPCA-ATTI are evaluated via numeri-
cal simulation.

4.5.1 Optimization of the baselines

As suggested by Fig. 4.15, baselines need to be optimized at first to minimize the moving
target signal loss. The optimal baselines can be determined by

(dlz’d13)optimal £ argmax [A (d12,d13)], (4.26)
di2,d13

where A (dy2,d;3) is the minimum output power of the target whose velocity is between
|Vmin and |v|max and is given by

A(dp.diz) = Iglloislol{||PS(V10so;d12,d13)H}, (4.27)
where,
[VImin < Vieso < [V|max.
and

P = 1-1(1"1) "1

Fig. 4.20 shows the function A (d)2,d;3) for our airborne Ku-band three-channel SAR
system calculated over the predetermined search area of (d2,d;3). The search area has been
defined to be 0.15 m < dj> <0.25 m and 0.3 m < dy3 < 0.5 m. The minimum and maximun
achievable baselines have been determined from the aperture sizes of the antenna and the
radome, respectively. In addition, the platform velocity and the target radial velocity range
of interest has been assumued to be 100m/s and 1m/s—10m/s, respectively. In Fig. 4.20, the
maximum A (dj2,d;3) has been obtained at (di2,d;3) = (0.168m,0.42m). Fig.4.21 shows
the filter gain obtained by the optimal baselines. Compared with Fig. 4.15 (b), it can be seen
that the moving target signal loss can be reduced by optimizing the baselines.

4.5.2 Scenario for the performance evaluation

Table 4.4 shows the parameters of the scenario for the performance evaluation. In this sce-
nario, the baselines are optimized by the method shown in 4.5.1. Fig. 4.22 shows the function
A (d12,dy3) calculated for the target radial velocity range of 1m/s—40m/s. From Fig.4.23, we
can confirm that the moving target signal loss is kept small by employing the optimal base-
lines.

In addition, the DPCA condition is assumued to be satisfied, so that the clutter signal
model reduces to u = c1 as described in Section 4.2. Also the clutter is assumed to be
uniform and Gaussian distributed. Under these conditions, the statistical property of the
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FIGURE 4.20: The function A (d 12,d 13) calculated over the predetermined
search area of (d}2,d;3). The unit for the sidebar is *dB.’
clutter plus noise can be described by the covariance matrix R., given by [110]:
Rein = E{uu}+E{ww"}
= 211" + oI
L p P
| T
. (4.28)
: . p
p p 1
o’ = ol+oz,

where 67 is the mean background power, 62 and 62 are the clutter and the noise mean power,
respectively, and p is the correlation coefficient between two different channels. From the
definition, p and CNR (Clutter to Noise Ratio) are related as follows:

o6} _ CNR
- 02+02 CNR+1’

p 4.29)

(4.29) means that the decorrelation of the background signal is fully attributed to the noise
in the model. The influence of the azimuth ambiguity, which is the dominant factor for the
decorrelation, is excluded from the following performance evaluation®, because the strong
azimuth ambiguities tend to behave as isolated (and somewhat blurred) targets, which are not
suited for statistical treatment’.

8Besides the azimuth ambiguity, sources of decorrelation include clutter motion and slight difference of
bistatic angles between the receive channels. Even if the decorrelation due to these sources is not negligible,
the analysis still gives good idea of the performance if we adjust the noise power 6 to match the correlation
coefficient p via (4.29).

9The authors belive that the influence of the azimuth ambiguity has been well illustrated in the airborne
Ku-band three-channel SAR experimets.
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FIGURE 4.21: The filter gain of the Multi-channel DPCA with optimal base-
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FIGURE 4.22: The function A (d 12,d 13) calculated over the predetermined
search area of (d}2,d;3). The unit for the sidebar is *dB.’

TABLE 4.4: Parameters of a formation flight spaceborne SAR scenario

Parameters Value
Carrier frequency 9.6GHz
The number of channels 3
Platform velocity 7,300m/s
Target radial velocity detection range | |v|min = 1m/s, |[V|max = 40m/s
Effective baselines search area Sm<djpp <12.5m
10m S d13 S 25m
Optimal baselines (dy2,d13) = (10.8m,18.9m)
Input SCNR / CNR 0dB / 15dB
The number of looks 4
Monte Carlo iteration 100
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FIGURE 4.23: The filter gain of the Multi-channel DPCA with optimal base-
lines.

4.5.3 Target detection performance of Multi-channel DPCA

Fig. 4.23 shows the Multi-channel DPCA filter gain as a function of the target radial velocity.
One can see that the moving target signal loss is kept up to about 7dB in this case.

In order to roughly estimate the detection performance of the Multi-channel DPCA, we
assume simple statistical models for the moving target signal as well as background clutter
and noise. As stated in 4.5.2, we exclude the influence of the ambiguity from this analysis,
and we employ P=1-1 (lH 1) 11 g5 the orthogonal projection matrix. In addition, we
assume the clutter is fully correlated, in which case the clutter is fully suppressed at the output
of Multi-channel DPCA. The residual noise at the output test statistics ¢ is a power sum of the
(N, — 1) complex Gaussian distributed random variables. Assuming the multilook processing
is performed before thresholding to reduce the false alarm, the Ny -look test statistic is again
Gamma distributed, whose shape parameter and the scale parameter are N (N, — 1) and
o2, respectively. The probability density function (pdf) f,({) and cumulative distribution
function (cdf) F,(§) of the multilooked test statistic are given by [118], [119]

. = (G’%)NL(Nd—l)I‘{NL(Na—1)}exp G,% ’ .
1
F, =
(C) (G}%)NL(Nafl)r(NL(Na - 1))
¢ L ¢
x [ lexp(‘o,z)”
_ gAMWWy o g
) 1exp<q%> qgo ql<62> 431)

where I' () is Gamma function.

We model the observed signal at the pixel that contains the target by the sum of normaly
distributed noise and non-fluctuating target signal (Sweling Case 0). Then the test statistic
¢ of the pixel that contains the target signal obeys the Noncentral Chi-Squared distribution.
After the multilook processing, the pdf and cdf for the N -looked target signal are given by
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[120]

C }(NL(Nal)l)/Z

fs(C) = {NL(Na— 1)ﬁ
xexp[—{{+ (Na—1)B}]

XDy (o1 1 [Zw/CNL(Na— 1);3} , (4.32)
R©) = 1-ou - npvach @33)

where, 8 is the SCNR at the output of Multi-channel DPCA processing and is defined as
B = SCNRout (Vieso)- 1 (&) and Qus(a,b) are the first kind modified Bessel function and the
Marcum Q-function, respectively, which are given by

hd 1 X\ 2m+o
la8) = mgom!r(m+a+1) (E) ’ 439
Oum(a,b) = /;x(z>Mle(X2§az)IM_1(ax)dx. (4.35)

(4.32) and (4.33) assume that the target signal is contained in the N pixels to be averaged
and the target signal power is uniform over these pixels. Obviously, the target signal power
is often not unform over a number of pixles in the real world, but (4.32) and (4.33) would
give a good approximation, if we define the output SCNR f using the average target signal
power within the NV, pixels.

Based on the noise and the target statistics shown above, the probability of false alarm
Pr, and the probability of detection Py are derived as

7\ MMam-1 T \4
P = 1—Fn(T):exp<—an> (;) q!<—6’%> (4.36)
Po= 1-R(D) =0 {0 DBVaT . @37)

Fig. 4.24 shows the probability of detection over SCNR f at the output of Multi-channel
DPCA, calculated by (4.36) and (4.37). The probability of false alarm has been set to 1078,
According to this analysis, and considering the Multi-channel DPCA filter gain shown in
Fig. 4.23, we can evaluate, for example, the required input SCNR to achieve a certain detec-
tion performance for various target radial velocity. Fig. 4.25 shows the required input SCNR
to achieve Py = 0.9 and P, = 1078 by Multi-channel DPCA with the optimal baseline ob-
tained in 4.5.1. The input CNR is assumed to be 15dB. It can be seen from Fig. 4.25 that if
the multilook number is 9, the required input SCNR of the moving target with target radial
velocity of ==1m/s to be detected is about -5dB.

4.5.4 Target radial velocity estimation performance of Multi-channel ATI and
Multi-channel DPCA-ATI

Fig. 4.26 shows the matched filter outputs (noise and clutter free) for targets with various
Vioso- Fig. 4.26 (a) and (b) show the matched filter outputs of Multi-channel ATI and Multi-
channel DPCA-ATI, respectively. Fig. 4.27 (a) and (b) show the radial velocity estimation
results of each algorithm with input SCNR=0dB and CNR=15dB. 100 Monte Carlo iteration
has been conducted for each true velocity, and each dot in the figure represents the estimated
velocity at each iteration. Fig. 4.28 (a) and (b) show the histogram of the target radial velocity
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FIGURE 4.24: The probability of detection vs SCNR at the output of Multi-

channel DPCA. The probability of false alarm has been set to 1073, The red

dashed line, the green solid line, the blue dashed dotted line represent the
probablity of detection for the multilook numbers 1, 4 and 9, respectively.

estimation error. It is observed in Fig. 4.26 that the matched filter output has many local
maxima. In Fig. 4.27, one can see that the estimation tends to concentrate around the local
maxima. In both cases the peak values of the ambiguous local maxima are smaller than that
of the global maximum; therefore, many of the estimation is close to the actual target radial
velocity, but under the presence of clutter and noise signal, the estimation tend to jump to the
value around local maxima.

From Fig. 4.28, it is clear that the estimation error is reduced for the Multi-channel
DPCA-ATI compared with the Multi-channel ATI. In Multi-channel DPCA-ATI, About 35%
of the estimation errors are concentrated around +41m/s, which means that there is velocity
ambiguity. Note that if the system has only two channels with the baseline on the order of
10m, then the ambiguous target radial velocity estimates arise every 11m/s '°. Therefore, we
can see that Multi-channel ATT and Multi-channel DPCA-ATT both largely reduce the target
radial velocity ambiguity by exploiting the multi-channel signal. The ambiguity of +41m/s
is due to the design of the baselines. Note that the baselines are optimized for detecting the
moving targets with absolute radial velocity of 1m/s < |v|j0s0 < 40m/s. It can be mitigated by
either increasing the number of channels or by setting the baselines to optimized for wider

range of the radial velocity allowing the degradation of the detection performance for the low

velocity targets.

OFrom (4.6), ambiguous velocity can be derived as 2m - A/(47mpp) ~ 0.031[m/s]/(2 x

10[m] /7,300[m/s]) ~ 11m/s.
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FIGURE 4.25: Required input SCNR to achieve Py = 0.9 and Py, = 108,
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line, the blue dashed dotted line represent the required SCNR for the multi-

look numbers 1, 4 and 9, respectively. (a) and (b) show the detection perfor-

mance over the target velocity of [-40m/s, 40m/s] and [-3m/s, 3m/s], respec-
tively.
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4.6 Conclusion

In this chapter, image based multi-channel SAR-GMTI algorithms, i.e., Multi-channel DPCA,
Multi-channel ATT and Multi-channel DPCA-ATI, as well as along track velocity estimation
method have been proposed.

Multi-channel DPCA is a deterministic algorithm which suppresses the clutter and az-
imuth ambiguity at the same time and achieves a high target detection performance. A notch
type filter is constructed based on the orthogonal projection principle deterministically from
the observation geometry and sensor parameter information, then it is applied to the regis-
tered and balanced multi-channel SAR images. Unlike adaptive algorithms such as STAP,
the algorithm does not require uniform clutter covariance assumption, since it does not in-
clude covariance estimation process. As a consequence, the proposed Multi-channel DPCA
successfully suppresses strong azimuth ambiguities, which tend to behave as isolated (and
somewhat blurred) targets and deviate from the uniform clutter covariance assumption.

Multi-channel ATI is the set of ATI images of all the pairs of multi-channel SAR, and
the target radial velocity is estimated by applying the matched filter bank to Multi-channel
ATT output. Multi-channel DPCA-ATTI is a combination of Muli-channel DPCA and Multi-
channel ATI. The clutter suppressed signal is provided by Muli-channel DPCA as the input
for the Multi-channel ATI. Both Multi-channel ATI and Multi-channel DPCA-ATT reduce
the target radial velocity ambiguity by exploiting the multiple receive channel signals. The
target radial velocity estimation performance of Multi-channel ATT is strongly affected by
the clutter, on the other hand, Multi-channel DPCA-ATI is more robust to the clutter since
the clutter and the azimuth ambiguity is suppressed in advance.

The proposed along track velocity estimation method works on the co-registered multi-
channel SAR images and employ sub-aperture processing to enhance the robustness to the
clutter and noise.

It has been observed in the experimental study using the airborne three-channel Ku-band
SAR system that strong azimuth ambiguity gets suppressed more than 20dB by the Multi-
channel DPCA. It has also been observed that the accuracy of the radial velocity estimation
by the Multi-channel DPCA-ATT is on the order of 0.1m/s. Also, it has been shown that the
accuracy of the along track velocity estimation of moving target at the range of about 2.5km
is on the order of 0.2 m/s.

The statistical performance analysis has been performed under the scenario of three for-
mation flight spaceborne SAR system with effective baselines of 10.8m and 18.9m, in order
to provide rough estimates of the expected performance of the proposed algorithms for the
spaceborne systems. The Multi-channel DPCA has been shown to detect moving targets with
target radial velocity of =1m/s under input SCNR of -5dB with CNR of 15dB at Py = 0.9
and Py, = 1078, if the multilook number is 9. The radial velocity estimation performance of
the Multi-channel ATI and Multi-channel DPCA-ATTI has been evaluated via numerical sim-
ulation for SCNR=0dB and CNR=15dB case. It is shown that the estimation error is greatly
reduced for the Multi-channel DPCA-ATI compared with the Multi-channel ATI. The radial
velocity estimations of the Multi-channel DPCA-ATI concentrate to the true value and the
velocity ambiguity which appears every 41m/s. If we compare with a conventional two chan-
nel system with the baseline on the order of 10m, which sufferes from the velocity ambiguity
of every 11m/s, it can be said that the velocity ambiguity has been reduced by exploiting the
multi-channel signals.
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Chapter 5

Three-Dimensional Target Geometry
And Target Motion Estimation

Method Using Multistatic ISAR
Movies

5.1 Introduction

Inverse synthetic aperture radar (ISAR) is one of the radar techniques used to observe two-
dimensional images of a remotely based target using radio waves[54]. Recently, some algo-
rithms on extracting three-dimensional geometry of the target from ISAR images have been
proposed. They can roughly be categorized into three different types.

The first one is 3D ISAR, which is a direct extension of conventional ISAR. 3D ISAR
gives the three dimensional distribution of the reflectivity of the target by extending the syn-
thetic aperture to two dimensions. Since the precise knowledge of measurement geometry,
including target motion, is required, this method is mainly suitable for the perfectly controlled
situation such as turntable experiment [121]-[124].

The second one is interferometric ISAR (InISAR), which employs multiple receivers to
generate multiple ISAR images. The locations of the scattering centers are determined by
direction of arrival estimation methods [125]-[127]. Advantage of this method is that no
knowledge of the target motion is required; however, the accuracy of the estimated geometry
largely depends on the baseline between the receivers. In addition, motion compensation is
required, in fact, in order to get the two ISAR images derived from corresponding antennas
to be registered properly, and a motion compensation algorithm known as 3-D focusing has
been proposed[128].

The third one utilizes a sequence of ISAR images, which we call ISAR movie. The
authors have proposed an algorithm, which would be categorized into this type [129], [130].
The locations of the scattering centers are determined essentially by the track on the image
plane. The three dimensional geometry can be estimated with relatively high accuracy, since
the accuracy depends on the range and Doppler resolution of ISAR image; however, the
algorithm requires a priori knowledge of the motion of the target. Cooke proposed a method
that does not require the motion of the target; however, some constraints had to be put to
solve the scaling ambiguity problem [131].

The problem of target motion estimation for ISAR imaging has also been addressed in
some literatures in contexts of optimum imaging time selection, estimation of cross-range
scaling, and so on [72]-[75]. Pastina et al. and Munoz-Ferreras et al. have proposed algo-
rithms for the rotational motion estimation of ship targets [72]-[74]. These algorithms put
almost no impact on the hardware requirement, but the application is limited to ship targets,
i.e., some a priori knowledge of the basic shape of ships, such that there usually are a deck
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and a mast, is exploited. On the other hand, a generic approach for the motion estimation is
proposed by Stuff et al. [75]. This method is based on a range tracking of the scattering cen-
ters and no assumption is made on the target shape other than that it contains some prominent
scattering centers. However, it requires a system with very high range resolution for accurate
range tracking.

In this chapter, a novel method that estimates the relative motion and the three dimen-
sional shape of the target using multistatic ISAR movie is proposed[132]. The proposed
method utilizes at least three sets of sequence of ISAR images to estimate the aspect rotation
of the target and the positions of point scatters that constitute the target. Unlike interferomet-
ric ISAR, the phase differences between the multistatic observations are used to estimate the
target motion, rather than to estimate the locations of the scatterers.

The chapter is organized as follows. Section 5.2 gives the description of the observation
geometry and signal model of the multistatic ISAR movie. Section 5.3 presents the proposed
method, and Section 5.4 presents an example of numerical simulation to show the operation
of the proposed method. Section 5.5 presents the performance evaluation. Finally, Section
5.6 provides the conclusion.
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5.2 Geometry and signal model

Fig. 5.1 shows the geometry. We assume that the target is rigid and consists of K point
scatterers, whose positions are denoted as p; (k = 1,2,---,K). The aspect rotation of the
target relative to the radar is assumed to be constant with angular velocity @. If we put the
origin O on the axis of the rotation, the velocity p; and the acceleration py of a point scatterer
can be expressed as follows.

Pk = @OXpy (5.1)
ﬁk = (Dxﬁk:a)x(d)xpk) 5.2)

In this paper, X denotes a vector, A denotes a matrix, X denotes a unit vector and x denotes the
time derivative of x.

The proposed method requires at least two auxiliary receiver antennas as shown in Fig. 5.1.
Here, the antenna O transmits pulses and antennas 0, 1 and 2 receive the scattered pulses. Vec-
tors d and d» represent the baselines from antenna 0 to 1 and 2, respectively, 7 is a unit vector
representing the radar line of sight from antenna O to the origin, and ry is the distance be-
tween antenna O and the origin. We assume ry is sufficiently large compared to the size of
the target and baseline length.

ro> |1, |||, || Pl (Vk,k=1,2,---,K) (5.3)

Using the received signals, we obtain three ISAR movies as shown in Fig. 5.2. The signal
from a point scatterer at position p; would appear as a maximum at range ry, and Doppler
frequency fyx, on the n-th frame of the ISAR movie observed by the antenna 0, and the range
i, Doppler frequency fy, satisfy following relationships:

T = ||Px—dol| —ro~F- px (5.4)
Ditn 2. .
Ja =~ =i e (o> ) (5.5)

where, A is the wavelength. Note that we define p; as the position of the k-th scatterer at the
time when n-th frame is being observed. Also note that due to the condition of Eq. (5.3), ¢,
and fg, observed by antennas 1 and 2 are nearly identical to those observed by antenna 0.

antenna 0

antenna 1

FIGURE 5.1: The observation geometry. The antenna 0 transmits pulses and

antennas 0, 1 and 2 receive the scattered pulses. We assume that the target

is rigid and consists of K point scatterers, whose positions are denoted as

Pr (k=1,2,---,K). The aspect rotation of the target relative to the radar is
assumed to be constant with angular velocity @.
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FIGURE 5.2: Three sets of ISAR Movies observed by the three receivers.
The movies 0, 1 and 2 represent the ISAR movies obtained from the signals
received by antennas 0, 1 and 2, respectively.

In addition, from the complex amplitudes at the maximum in the n-th frame, sox,, S1in
and sy, (see Fig. 5.2), we observe the phase differences ¢1,, @21, as follows.

Oikn = ZL{Sjin" Sokn } (j=1,2) (5.6)

The phase differences ¢, (j = 1,2) correspond to the angle of arrival in the direction of
each baseline, and they satisfy following relationships.

2w pr—dop

Dk ——
o A || pr — aol|

d;p (o> |djll) (5.7)

The phase differences ¢, (j = 1,2) are time variant due to the aspect rotation of the target,
and its rate of change can be expressed as follows.

; d9jkn 2T - e Bk
e ~ 7l g 5.8
o dt A AU Tkn + 10 (5.8)
The following approximation has been utilized in the derivation of Eq. (5.8).
d_pr=do =y D )
— & ([ - 77 ro > (5.9
d oo~ ) poy (0> A

The rate of change of the phase differences ¢ ikn Can be estimated from the phase differences
observed in the N frames around n-th frame, @jx, (m =n— |N/2|,---,n+ [N/2] —1);
namely, if we let the frame interval (the inverse of frame rate) of the ISAR movie be ¢, then
) ikn 1 estimated by least squares method as follows.

me(q)jkm - <¢]k>) . l

Zm m? Iy

Pjpn = (j=12) (5.10)

where, (¢j) = § Zn+ [N/ ?\, /2| ®jxm- Here, we assume that the phase difference ¢, changes

linearly over the N frames Wthh requires the observation time to be sufficiently short.
Furthermore, the observation of ISAR movie enables us to estimate the rate of change of

Doppler frequency fy, of the scatterers. Using the Doppler frequencies observed in the N

frames around n-th frame, fgu,(m =n—|N/2],---,n+ [N/2] — 1), the rate of change of
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Doppler frequency fy, can be estimated by least squares method as follows.
: Yo (farm — (far)) 1
= - — 5.11
Jakn Y m " (5.11)
where, (fg) = N Zn+ [N/2] ?\, /2] Sfakm- Note that the rate of change of Doppler frequency futkn

satisfies the following relationship with the acceleration py.

n = - -7 5.12
Sk 2 1Pk (5.12)
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5.3 Algorithm

Based on the signal model shown in section 5.2, we propose an algorithm to estimate the
target motion and 3D shape, i.e., the aspect rotation of the target @ and the positions of the
scatterers py (k = 1,2,---,K). The algorithm consists of two steps. In the first step, the
velocity and the radial acceleration of each scatterer py, 7 are estimated, and in the second
step, @ and py, are obtained simultaneously.

Step 1: Estimation of the velocity and the radial acceleration of the scatterers py, ¥x.

From Egs. (5.5) and (5.8), we have following relationship.

__%fdkn i .
%ﬂm) +dl (I;—ffT) R=A pi (5.13)
ot (1t t10) cdl (T—7#T)

21

where, T denotes transpose of a matrix. Then the velocity of each scatterer can be estimated
as follows.

_A

. Sl 5 Jakn

pr=A ﬁ?lkn(l’lm +19) (5.14)
3= O2n (Fien + 10)

Here, dy, d» and A are system parameters, 7 is an arbitrary unit vector; in fact, 7 defines the
coordinate, and rq, 74, fikn are observed from ISAR movie of antenna 0, and @y, @i, are
estimated by Eq. (5.10).

The radial acceleration 7 of the scatterers can be estimated according to Eq. (5.12) as
follows.

_ }Lfdkn

> (5.15)

Fin =7 pr(=F-{@x (@ x py)}) =
Note that the rate of change of Doppler frequency fu, can be estimated by Eq. (5.11).

Step 2: Estimation of the angular velocity @ and the positions of the scatterers py.

From Egs. (5.1),(5.2),(5.4) and (5.15), we have following relationship. Note that we
already have py, 4 from the Step 1.

Tkn rA‘_T _
ﬁk = (3= P_kEBﬁk (kzl,,K) (516)
Fin OO

where, Qp = @ x p and QQp = @ x (@ x p). In Eq. (5.16), we have 3 + 3K unknown
parameters, @ and pi(k = 1,---,K). On the other hand, noting that the rank of () is 2, the
number of independent equations is 4K. Therefore, the following condition is required.

4K >3+4+3K < K>3 (5.17)

Namely, we need at least 3 scatterers on the target. Further conditions are described later in
this section.

Eq. (5.16) could be solved numerically by general optimization methods, but noting that
Pr L @,Vk, we have developed a more efficient method. We first estimate only the direction
of the axis of the rotation @ by finding a vector orthogonal to all the velocity vectors jy
and solve for the remaining parameters afterwards. The orthogonal vector can be found by
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applying the principal component analysis to pi (k = 1,2,---,K). Namely, we first obtain the
covariance matrix:

- 1 E ..
Vi==Y et (5.18)
Kk:l

and find the eigenvector ¥ corresponding to the minimum eigenvalue. Then v would be the
optimum estimation of @ in the least squares sense. Having the estimate of @, Eq. (5.16) can
be solved by linear least squares method with an assumption of the magnitude of the angular
velocity || @||.

T'kn
_ . == -] = .
px(|@ll) = (B"B)  B" | pi (5.19)
fkn
where,
Qp=axp=|a|dxp (5.20)

Note that the mean square error of the solution is given by:

2

Tkn _
e(lol)= || A | —Bpc(ll@l)]| - (5.21)
fkn

Then, with the search over reasonable range for ||®@||, we can find the final estimation as

follows.

P = Pi (|| @llm), where, ||@]|,, = argmin{e (||@[|)} (5.22)
The advantage of this method is that the numerical search is done over just one dimension.

The conditions required on the observation geometry.

In the Step 1, in order for A to be invertible, the following conditions must hold.
d_1 HaTz, r 7’5 OCd_1 +[3J2 (V(X,B S IR) (5.23)

That is, the two baselines are not parallel, and the radar line of sight is not on the plane
spanned by the two baselines.

In the Step 2, in order for Eq. (5.16) to have 4K independent equations, the following
conditions must hold.

P40, P (5.24)

That is, the radar line of sight needs to be neither coincide with nor orthogonal to the axis of
the target aspect rotation.
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5.4 Simulation

In this section, we present one example of numerical simulation to show the behavior of the
proposed method. The conditions of the simulation are shown in Table 5.1. The radar line of
sight 7 and the baselines d1[m], d>[m] are set to be as follows.

1 0 0
F=0|,di=|2|,da=|0], (5.25)
0 0 2

From the conditions shown in Table 5.1, observation time per one frame is T = Htpyj =
1.28sec, the total observation time for the 5 frames is Htp; + (N — 1)t = 3.84sec, and the
total number of hits is M = 3.84/t,; = 384. The range resolution of the ISAR image is
Ar = c¢/2B = 1.5m, and the Doppler resolution of the ISAR image is Afy = 1/T = 0.78Hz.

TABLE 5.1: The simulation conditions.

parameter value
baseline ||d || 2m
baseline ||d, | 2m
center frequency f, 33GHz
bandwidth B 100MHz
PRI(#,r) 0.01sec
the number of hits per frame H 128
frame interval 0.64sec
the number of frames N 5
the number of scatterers K 6
SNR(before Doppler processing) 40dB
target range ry Skm
angular velocity @ [15 0 15]7 mrad/sec

Fig. 5.3 shows the first and the last frame of the simulated ISAR movie observed by the
antenna 0. The signal has been modeled as point scatterers and additive white Gaussian noise
(WGN). The magnitude images observed by the antennas 1 and 2 ,not shown here, are almost
indistinguishable from that observed by the antenna 0, since the baseline is sufficiently short
compared to the target range. From Fig. 5.3, we can see that the relative positions of the point
target signal slightly varies with frames. The location of the signal of each point scatterer has
been associated from frame to frame by simple nearest neighbor tracking.
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FIGURE 5.3: The first and the last frame of the simulated ISAR movie ob-

served by the antenna 0. The signal has been modeled as point scatterers and

additive white Gaussian noise (WGN). The magnitude images observed by

the antennas 1 and 2 ,not shown here, are almost indistinguishable from that

observed by the antenna 0, since the baseline is sufficiently short compared
to the target range.

Fig. 5.4 shows the result of line fitting to the history of phase differences and the Doppler
frequency. In Fig. 5.4, the horizontal axis represents the frame number and the vertical axis
represents the phase difference or the Doppler frequency. In Fig. 5.4(a) and (b), the circu-
lar plot show the observed phase differences @y, and the observed Doppler frequency fgi,
of each point scatterer, respectively. Here, the color represents each point scatterer. From
Fig. 5.4, it can be seen that time dependency of the phase difference or the Doppler frequency
are almost linear and that the rate of changes of these values have been well estimated.

Fig. 5.5 shows the estimated positions of the point scatterers along with the given (true)
positions. A good agreement is observed in the figure. The estimated angular velocity @ has
been [16.1 0.0 16.0]7 mrad/sec.
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FIGURE 5.4: The estimation result of the rate of change of the phase differ-
ences and the Doppler frequency.
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FIGURE 5.5: The estimated positions of the point scatterers along with the
given (true) positions. A good agreement is observed in the figure.
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5.5 Performance Estimation

The performance estimation of the proposed method is provided in this section. Firstly, the
estimation accuracies of the positions of the scatterers and the angular velocity are investi-
gated. The argument here is valid for a target consisting of few prominent scatterers that are
sufficiently separated from each other. Secondly, we consider a more realistic scenario with
more scatterers on the target and discuss the performance degradation caused by the target
scintillation.

5.5.1 The estimation accuracies of the positions of the scatterers and the angu-
lar velocity

The estimation accuracies of target velocity p; and the radial acceleration # estimated in
the Step 1 are specified by Cramér-Rao Lower Bound (CRLB). The estimation accuracies of
angular velocity @ and the positions of the scatterers p; estimated in the Step 2 are evaluated
using numerical simulations.

Since the following analysis is independent of the frame number 7, subscript n is omitted
hereafter; e.g., pr, is expressed as py and so on.

Step 1 : Expected estimation accuracies of the target velocity py and the radial acceleration
Fi

First, estimation accuracies of the range and the Doppler frequency ry and fqy, the rate of
change of the phase differences ¢y, ¢»x and the rate of change of Doppler frequency fy are
evaluated. These are the values directly estimated from the ISAR movie.

In the following discussion, SNR 7 refers to the signal to noise power ratio after range
compression and before Doppler processing. The transmit signal is assumed to have constant
spectrum with bandwidth B. The scatterers on the target are assumed to be well separated
relative to the range and Doppler resolution of the system.

The CRLB for the target range ry is given as follows[53].

6

N2
CRLB {1} = (5)
where, c is the speed of light.
The CRLB for the Doppler frequency fqr and the rate of change of Doppler frequency
fax is derived. The signal corresponding to the range cell that contains the k-th scatterer can
be expressed as follows'.

xoe[m] = socexp [—j {27dekmtpri + 2%% (mtpri)2 H

M—1 M—l) (5.27)

swll, (Mt <m< M2

where, m is the pulse number, M is the total number of hits to observe the ISAR movie, and
wo[m] is WGN with variance o2. Here, we assume that far and fy are estimated using the
ISAR movie observed by the antenna 0; therefore, the complex amplitude of the signal is
expressed by sog.

I'The derivation of the CRLB is given in Appendix C.1.
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According to the signal model given by Eq. (5.27), the CRLB for f4; and fdk is obtained
as follows.
6
Am22 MM (M? — 1)
90
w2 M (M2 —1)(M? — 4)

CRLB { fy} (5.28)

CRLB { far }

(5.29)

Next, the CRLB for the rate of change of phase differences ¢y, ¢ is obtained. Here, the
signals of antenna 0 and antenna i (i = 1,2) are expressed as follows.

xoe[m] = soxexp(—j@[m]) +w,|m] (5.30)
xi[m] = siexp [—j{0[m] + 0+ Pumityi }]
Fwilm], <—Mz_1 <m< M;1> (5.31)

where, wo[n], w;[n] are mutually independent WGN with variance 6. According to the

signal models given by Egs. (5.30), (5.31), the CRLB for (bik (i = 1,2) is obtained as follows?

12

CRLB {¢u} = 2 MM —1)

(5.32)

Finally, the CRLB for the target velocity p; and the radial acceleration 7 is derived. The
error sensitivity of py and 7 to the values directly observed from the ISAR movie are derived
from Eqgs. (5.14),(5.15) as follows.

gz; _ _;Lgl é (5.33)
;51’; = %(%Lro)z_l z (5.34)
;bp; = ()i § (5.35)
‘z _ ziﬂg—l fpii (5.36)
g;z _ _72L (5.37)
ope . i IR Ik Ik (5.38)

— =0, = =—=—=0
d fa Ofak P Iy Ik

2The derivation of the CRLB is given in Appendix C.2.
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In the following discussion, we introduce vector form representations of the parameters
2r and by, which are defined as follows.

Ik
Jar . Ik
G=1| 0w |, k=1 b |, (k=1L .K) (5.39)
Pox Py
Jak

The vector gy is a collection of the parameters estimated directly from ISAR movie, and the
vector by, is a collection of the parameters estimated in the Step 1, i.e., the input to the Step
2, Note that by includes not only p; and # but also ry.

The CRLB for b, can be expressed using the CRLB for g as follows.

CRLB {B;} (di}k) CRLB {g;} (d[”‘y (5.40)
ky =\ 7= k = .
dgk S5\ dgi

where, CRLB{g,} is a diagonal matrix whose diagonal elements are the CRLB given by
Egs. (5.26), (5.28), (5.29) and (5.32), and dby/dg; is the error sensitivity matrix whose
elements are given by Egs. (5.33)—(5.38). The limit of the estimation accuracy of by, i.e., the
input to the Step 2, is given by Eq. (5.40).

Some numerical examples are provided below. The system parameters in Table 5.1 are

assumed; in addition, the radar line of sight and the two baselines are assumed to be orthog-
onal with each other for the sake of simplicity.

1 0 0
. Cdi=|dl|, &=]o0 (5.41)
0 0 d

The error sensitivity of py is analyzed using Egs. (5.33)—(5.36). Substituting Egs. (5.33)—(5.36)
by Eq. (5.41), we obtain the following relations.

b _ A,

afdk 2 0

= -O-
Ipr _ 1 Alntn) |
8(;51k 21 d 0
= -0-
b _ L Antrn) |
8(;52k 21 d 1
= O

dpr 1 A

o md P (5.42)

Pk

From Eq. (5.42), one can see that the radial velocity estimation accuracy is determined by the
accuracy of the Doppler frequency estimation. The velocity estimation is not very sensitive
to the estimation error of the range 7y, because A /d, ¢ and ¢ are relatively small values,
while it would be fairly sensitive to the estimation error of (f)l r and ¢2k, since ro > d.
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FIGURE 5.6: The sensitivity of the velocity estimation to the estimation error
of the rate of phase difference as a function of target distance normalized by
the baseline length.

Fig. 5.6 shows the sensitivity of the velocity estimation to the estimation error of the
rate of change of the phase difference. The horizontal axis represents the target distance
normalized by the baseline and the vertical axis represents the error sensitivity normalized
by the wavelength. It can be seen from Fig. 5.6 that the error sensitivity grows rapidly with
the target distance relative to the baseline. If the target range and the baseline are 5 km
and 2m, respectively, and the wavelength is 9.1mm as in the case of Table 5.1, the error
sensitivity would be 3.6 m/rad. This suggests that if the estimation error of the rate of change
of the phase difference is 3mrad/sec, then the corresponding velocity estimation error would
be 0.01m/sec.

Next, the CRLB expressed by Egs. (5.26), (5.28), (5.29) and (5.32), are shown in Fig. 5.7.
The horizontal axis represents SNR and the vertical axis represents the CRLB. From Fig. 5.7
it is clear that the CRLB for all the parameters become smaller with higher SNR.

Fig. 5.8 (a), (b) shows the evaluated CRLB for p; and # as functions of SNR. Fig. 5.8
(c), (d) shows the evaluated CRLB for p; and # as functions of incidence angle ®. The
incidence angle @ is the angle between the target’s rotation axis and radar line of sight, as
defined in the Fig. 5.9. In Fig. 5.8 (a), (b), the incidence angle ® is set to be 45°, and in
Fig. 5.8 (¢), (d), SNR is set to be 25dB. From Fig. 5.8 (a), (b), it can be seen that the CRLB
for py and 7, become smaller with higher SNR, and if SNR=25dB, the square root of the
CRLB for p; and # are 0.027 m/sec and 2.7 x 107® m/sec?, respectively. In Fig. 5.8 (a),
the x and y components of p; coincide with each other, it can be seen in Fig. 5.8 (c) that the
CRLB for the x and y components of p; coincides at ® = 45°. Fig. 5.8 (c) shows that at
@ = 0°, the CRLB for the x and y components of p are equal. This is because both the x and
y components are estimated from the rate of change of the phase differences. Also note that,
in this case, the CRLB for the z component of py is relatively small, because the z component
of py is directly estimated from the Doppler frequency. Fig. 5.8 (d) shows that the CRLB for
7 is independent of ®, which is trivial.
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FIGURE 5.8: The CRLB for the parameters estimated in the Step 1 as func-
tions of SNR and incidence angle ®.
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Step 2: The estimation accuracies of the scatterer position and angular velocity

The estimation accuracies of the angular velocity @ and the scatterer position p; are
evaluated via numerical simulations. In this simulation, the process of the Step 1 is not
conducted; instead, the estimation error is added to the input of the Step 2. Namely the input
vector by is given as follows.

by = by + Aby, (5.43)

where, Aby is zero mean WGN with covariance matrix given by CRLB{b;}.

In this simulation, the parameters given in Table 5.1 is employed again. Fig. 5.9 shows
the geometry. As shown in Fig. 5.9, the z axis corresponds to the rotation axis, and the
angle ® between the rotation axis and the radar position vector is called incidence angle for
convenience’ sake. The target consists of six point scatterers distributed uniformly within
20m cube. The positions of the scatterers are redefined each trial. The dominant factors that
influences the estimation accuracy of @ and p; are the geometry (especially the incidence
angle ®) and the estimation errors included in the estimates of the Step 1 that are caused by
noise. Therefore, the performance is evaluated over the SNR and the incidence angle & as
parameters.

Fig. 5.10 shows the result of the performance estimation over SNR. The vertical axis
shows the standard deviation of the position estimation error * and rmse (root mean square
error) of the angular velocity estimation. In this case, the incidence angle ® = 45° and
10,000 Monte Carlo iterations were performed. In Fig. 5.10, ’total’ shows the error, and
’X,y,z" shows the x,y,z component of the error, respectively. From Fig. 5.10 (a), (b), one can
see that in order to obtain high accuracy, relatively high SNR is required. If SNR is higher
than 30dB, the standard deviation of the position estimation error is smaller than 1m, which is
comparable to the range resolution of the system. The rmse of the estimation of the angular
velocity is also very small (smaller than 0.002rad/s), if SNR is higher than 30dB. On the
other hand, the estimation error of the target position grows rapidly where SNR is lower than

FIGURE 5.9: The geometry used in the simulation. The z axis corresponds

to the rotation axis, and the angle ® between the rotation axis and the radar

position vector is called incidence angle for convenience’ sake. The target
consists of six point scatterers distributed uniformly within 20m cube.

3The position estimation error is evaluated by standard deviation, since the bias error does not distort the
estimated shape of the target.
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FIGURE 5.10: The estimation error of the target positions and angular ve-
locity as functions of SNR with incidence angle ® = 45°.

25dB, e.g., the standard deviation of the position estimation error is about 7m when SNR is
20dB.

Fig. 5.11 shows the result of the performance estimation over incidence angle ®. In
this case, SNR is 25dB and 10,000 Monte Carlo iterations were performed. From Fig. 5.11
(a) the position estimation error is fairly small if & = 5° ~ 50°; the position estimation
error is smaller than approximately 1.5m. On the other hand, the error is large when the
incidence angle ® is near 0° or 90°. This is because the condition given by Eq. (5.24) is
violated at & = 0°,90°. Note that the position estimation error is only about Sm at ® = 0,
despite the condition given by Eq. (5.24) is violated. At ® = 0, Doppler frequency of all the
point scatterers are zero; therefore, the estimated positions of the scatterers are essentially all
aligned on the radar line of sight. Since all the point scatterers are within the 20m cube, the
estimation error does not exceed approximately 10v/2m. As a result, the standard deviation
of the position error is 5Sm at & = 0°, Fig. 5.11 (b) shows that the rmse of the angular velocity
estimation is almost constant at about 0.002rad/s if the incidence angle is larger than 5° and
diverges if the incidence angle is near 0°.

Observing the x,y,z components of the position estimation error shown in Fig. 5.11 (a),
(b) gives more insight to the performance of the proposed method. If incidence angle is near
90°, z component of the position estimation error is larger than others. This is because the
range ry, the velocity py and the radial acceleration 7 are all observed in x-y plane in this
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FIGURE 5.11: The estimation error of the target positions and angular ve-
locity as functions of incidence angle @ with SNR=25dB.

case, and no information about z component is obtained. On the other hand, if the incidence
angle is near 0°, the x and y components of the position estimation error are larger, and
the z component of the position estimation error is relatively small. This is because z can be
directly estimated from the radar range measurement, and no information about the rotational
motion of the target can be observed, which causes the x and y components of the position
estimation error to be large as well as the z component of angular velocity estimation error.

5.5.2 The performance estimation using an aircraft polygon model

The performance of the proposed method for the case where the target consists of more
scatterers is investigated in this section. In this case, target scintillation effect, in other
words, the interference between the neighboring scattering centers, may cause some per-
formance degradation. A sample result and a discussion on the effect of the target scintil-
lation on the proposed method is given below. We take an aircraft polygon model, whose
shape is shown in Fig. 5.12, and simulate the scattered signal according to the geomet-
rical theory of diffraction (GTD). Table 5.2 shows the simulation conditions. Here, the
incidence angle 6 and the horizontal aspect angle y determine the radar line of sight by
7= —[sin@cosy sinOsiny cosB]”. No noise has been added, so the main cause of the
estimation error is the scintillation effect.
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z [m]

y [m]

FIGURE 5.12: Aircraft polygon model

TABLE 5.2: The simulation conditions for the aircraft simulation case.

parameter value
baseline ||d; || 2m
baseline ||d; || 2m
center frequency f, 33GHz
bandwidth B 150MHz
PRI(#,r) Smsec
the number of hits per frame H 128
frame interval f¢ 32msec
the number of frames N 9
the number of scatterers K 7
SNR(before Doppler processing) noise free
target range ro Skm
angular velocity @ [5 0 —10]7 mrad/sec
incidence angle 6 110°
horizontal aspect angle y 20°

Figs. 5.13 and 5.14 shows the simulation result. Fig. 5.13(a) shows the first frame of the
simulated ISAR movie observed by the antenna 0. Fig. 5.13(b) shows the selected 7 signal
peaks. The signals have been manually selected. Due to the scintillation effect, “bright” peak
is not always suitable; e.g., the peak at the first engine on the left wing had to be discarded,
otherwise, the estimation result was unacceptably distorted. The location of the peaks have
been successfully associated from frame to frame by the simple nearest neighbor tracking.
In general, scatterers may disappear at some frames; however, in this case, all the prominent
scatterers stayed visible during the observation. For a more complex target such as a ship,
we would have to employ a more sophisticated tracking algorithm, but it is beyond the scope
of this paper.
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FIGURE 5.13: The simulation result using an aircraft polygon model and

GTD (noise free). (a) The first frame of the simulated ISAR movie observed

by the antenna 0. (b) The selected 7 signal peaks. The signals have been

manually selected. Due to the scintillation effect, “bright” peak is not always

suitable; e.g., the peak at the first engine on the left wing had to be discarded.

The simple nearest neighbor tracking have given a satisfactory results for
these peaks.
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FIGURE 5.14: (a)—(c) The estimated positions of the selected scattering cen-
ters (magenta circle) along with the shape of the aircraft and the true posi-
tions of the centers of the faces of the polygon model (blue dot).

Fig. 5.14(a)—(c) shows the estimated positions of the selected scattering centers (magenta
circle) along with the shape of the aircraft and the true positions of the centers of the faces
of the polygon model (blue dot). We can see that the estimation result captures the overall
rough shape of the aircraft; however, estimation errors of about a few meters are observed,
even though no noise has been added. In addition, the estimated angular velocity has been
[4.4 0.2 —10.3]"mrad/sec.

Fig.5.15 shows the result of line fitting to the history of phase differences and the Doppler
frequency as in Fig. 5.4. From Fig. 5.15, it can be seen that time dependency of the phase
difference or the Doppler frequency is not so linear as in the case of point scatterers. This is
due to the interference between the neighboring scattering centers. Therefore, it is desired to
select signal peaks whose histories of phase difference and Doppler frequency are as linear
as possible. An automatic peak selection method may be developed, in the future, based on
this observation.
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FIGURE 5.15: The estimation result of the rate of change of the phase dif-
ferences and the Doppler frequency (aircraft case).
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5.6 Conclusion

In this chapter, we introduced an algorithm for reconstructing the 3D shape of a target from
multistatic ISAR movie sequences. By analyzing three sets of ISAR image sequences, we
estimated the target’s aspect rotation and the positions of point scatterers composing the ob-
ject. Unlike Interferometric ISAR, which leverages phase differences to determine scatterer
locations, our approach utilizes them to estimate target motion. The algorithm comprises two
key steps: first, estimating the velocity and radial acceleration of each scatterer, and second,
simultaneously obtaining the angular velocity and scatterer positions.

We provided a detailed performance evaluation of the proposed method. The estimation
accuracies of target velocity and radial acceleration in the first step were quantified using the
Cramér-Rao Lower Bound (CRLB), while numerical simulations assessed the accuracy of
angular velocity and scatterer positions in the second step. Results indicate that, for a system
with a center frequency of 33 GHz, a range resolution of 1.5 m, and a baseline length of 2 m,
position estimation errors of less than 1 mcomparable to the range resolutioncan be achieved
for a target at 5 km with an SNR exceeding 30 dB. This is achieved when five ISAR movie
frames, each with an observation time of 1.28 seconds and a frame rate of 0.64 seconds, are
processed.

Additionally, a GTD simulation using an aircraft polygon model was conducted to an-
alyze the impact of target scintillation. The study demonstrated that, by carefully selecting
scattering centers minimally affected by scintillation, the overall shape of an aircraft can be
reconstructed with estimation errors of only a few meters. However, due to the unavoidable
nature of target scintillation, an automated method for selecting optimal scattering centers is
necessary. Furthermore, for complex targets, signal peaks may disappear in some frames, ne-
cessitating a more sophisticated tracking algorithm to ensure the proper association of peaks
across frames.

Future research will focus on refining the proposed algorithm, including developing an
optimized target selection method and enhancing tracking algorithms. Additionally, extend-
ing the method to accommodate time-variant rotation vectors will be explored. Further in-
vestigations will also assess performance degradation caused by other error sources, such as
clutter and multipath effects.
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Chapter 6

Conclusion

This thesis has presented signal processing algorithms for multi-channel imaging radar sys-
tems designed to achieve high-precision remote sensing of objects such as satellites, aircraft,
ships, and vehicles. By harnessing multi-dimensional signal processing techniques, these al-
gorithms significantly enhance the accuracy of shape, position, and motion estimation. At the
core of this research lies the optimal extraction of valuable information from multi-variate
signals obtained through multi-channel observations. Imaging radar systems benefit from
multi-channel architectures, which broaden the scope of available signal dimensions. These
dimensions are primarily categorized into polarization, temporal, and spatial domains. To
effectively exploit these aspects, this study introduces advanced methodologies, including
resolution enhancement algorithms for Polarimetric SAR (PolSAR), moving target detection
and velocity estimation algorithms for SAR-GMTI —specifically designed for formation
flight systems of small SAR satellites— and a motion and three-dimensional shape estima-
tion algorithm for distributed ISAR. The key findings and contributions of this research are
summarized below.

Resolution enhancement algorithms for Polarimetric SAR

PBWE (Polarimetric Bandwidth Extrapolation) and its two-dimensional extension, 2D-PBWE,
have been introduced as super-resolution algorithms for Polarimetric Synthetic Aperture
Radar (PolSAR). PBWE builds upon the Bandwidth Extrapolation (BWE) method, origi-
nally developed for single-polarization SAR, by incorporating a multivariate linear predic-
tion model that extrapolates bandwidth across all polarization channels simultaneously. By
leveraging polarization information, PBWE achieves higher resolution than conventional
single-polarization super-resolution techniques. Furthermore, the algorithm not only en-
hances target separation performance but also improves polarization property estimation ac-
curacy, which is crucial for PoISAR imaging. To assess the effectiveness of the proposed
algorithm, 2D-PBWE was applied to real PolISAR images, where the original bandwidth was
restricted to half its full range. The reconstructed images were then compared to the original
data, demonstrating that the correlation coefficient between the 2D-PBWE-generated image
and the original reached 0.97, indicating a near-perfect restoration of image quality. Since
PolSAR employs four combinations of transmitted and received polarizations, it inherently
generates four times the data volume compared to single-polarization SAR, leading to band-
width constraints in data downlink transmission. However, the findings show that 2D-PBWE
effectively reduces the bandwidth to half, lowering the data volume to one-fourth while still
achieving near-original resolution through ground processing, thereby alleviating transmis-
sion bottlenecks.

Additionally, this study provides theoretical validation of how polarization information
enhances resolution and polarization property estimation accuracy. The results demonstrate
that polarization information suppresses interference between closely located signals, thereby
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significantly improving the spatial resolution and polarization estimation accuracy of Pol-
SAR systems. Numerical simulations comparing PBWE and BWE further reveal that, under
high-SNR conditions (3040 dB), PBWE nearly reaches theoretical resolution limits, whereas
independent application of BWE to each polarization channel fails to achieve this theoreti-
cal bound. These findings confirm the superiority of PBWE, highlighting the critical role of
polarization information in resolution enhancement.

Moving target detection and velocity estimation algorithms for SAR-GMTI

Multi-channel DPCA, Multi-channel ATI, and Multi-channel DPCA-ATT have been intro-
duced as signal processing algorithms for detecting moving targets and estimating their ve-
locity in a small SAR satellite formation flight system. These algorithms address three key
challenges: - Enhancing detection performance for slow-moving targets - Suppressing az-
imuth ambiguities - Improving velocity estimation accuracy SAR-GMTI primarily detects
moving targets and estimates their velocity by analyzing differences and phase shifts across
multiple SAR images captured from the same location at slightly different times. However, as
discussed in Chapter 4, simple difference calculations fail to fully eliminate azimuth ambigu-
ities, a phenomenon unique to SAR imaging. In this study, we identified the mechanism be-
hind residual azimuth ambiguities, formulated a signal model, and developed Multi-channel
DPCA, a deterministic algorithm that simultaneously suppresses stationary background sig-
nals and azimuth ambiguities. Building upon this foundation, we derived two additional
algorithms —Multi-channel ATI and Multi-channel DPCA-ATI— which use a lightweight
image-domain approach for target detection and velocity estimation.

To validate the proposed method, we conducted flight tests using an airborne SAR sys-
tem. The observation site was a rice field near the Gifu-Hashima Interchange, where a motor-
cycle and a van moved at approximately 5 m/s during imaging. The results confirmed that the
proposed method successfully detected both vehicles, achieving a velocity estimation error
of approximately 0.1 m/s.

Additionally, we investigated optimal satellite spacing for a formation flight system of
three small SAR satellites. Assuming a SAR center frequency of 9.6 GHz, we determined
the optimal baseline lengths to be 10.8 m and 18.9 m. Under these conditions, performance
evaluation of the proposed algorithm demonstrated that, with an input SCNR (Signal-to-
Clutter-Noise Ratio) of -5 dB and a CNR (Clutter-to-Noise Ratio) of 15 dB, the system
achieved: - Detection probability of Pd = 0.9 - False alarm probability of Pfa = 10~% - Reli-
able detection of slow-moving targets at velocities of &1 m/s These findings suggest that an
optimally configured small SAR satellite formation flight can enable a practical SAR-GMTI
system, paving the way for large-scale moving target monitoring applications.

A motion and 3D shape estimation algorithm for distributed ISAR

A novel algorithm has been proposed for reconstructing the 3D shape of a target from ISAR
motion images acquired by a distributed ISAR system. The algorithm assumes that the tar-
get is a rigid body, which can be modeled as an aggregation of multiple point scatterers.
Based on this assumption, the method estimates both the target’s relative rotational motion
and the three-dimensional spatial relationships of its point scatterers using a sequence of at
least three ISAR images. In this study, we formulated the algorithm and initially conducted
theoretical analysis and numerical simulations for targets represented as point scatterers. The
results indicate that, for example, when using a system with a center frequency of 33 GHz,
range resolution of 1.5 m, and baseline length of 2 m, under a target distance of 5 km and
SNR exceeding 30 dB, analyzing five frames of ISAR motion images with a total observa-
tion time of 1.28 seconds and a frame rate of 0.64 seconds achieves a position estimation
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error below 1 m, which is comparable to the range resolution. These evaluation conditions
assume a helicopter-mounted ISAR system observing ships on the ocean surface, and with
an estimation error of approximately 1 m, the method is considered sufficiently accurate for
ship shape estimation. However, this evaluation is based on the ideal assumption that the
target perfectly conforms to a point scatterer model, which may lead to overestimation of
accuracy. To obtain results closer to real ISAR images, we employed a polygon model of the
target along with electromagnetic scattering simulations to generate synthetic ISAR motion
images. While the overall shape of the target could be reconstructed, unlike the ideal point
target case, the influence of signal interference, known as “scintillation,” introduced posi-
tion estimation errors of several meters. Future Challenges for Practical Implementation To
advance toward real-world applications, further development is needed, including: - An au-
tomatic algorithm to select optimal scattering centers from the signal - An advanced tracking
algorithm for accurately associating peak locations across frames Traditional model-based
algorithms struggle to overcome these challenges. However, recent advancements in Deep
Neural Networks (DNN) open the possibility of integrating data-driven approaches, which
may provide a viable solution.

Concluding Remarks

In recent years, increasing global tensions, intensifying natural disasters, and the outbreak of
pandemics have contributed to heightened social anxiety. The rapid proliferation of social
media has enabled widespread information dissemination, but it has also led to the propa-
gation of unfounded claims and narrowly focused discourse, exacerbating uncertainty and
fostering a cycle of amplified fear. While advances in information and communication tech-
nology have pushed societal systems toward transformation, humanity has yet to fully ac-
quire the capability to effectively harness these innovations. In the pursuit of a safe and
secure society, it has become more critical than ever for human civilization to adopt a global
perspective and administer social systems with long-term foresight. Achieving this requires
fostering collective abilities to calmly and broadly perceive factual information, engage in
constructive discussions based on reality, and derive rational policy directions.

Remote sensing technology plays a crucial role in enabling comprehensive observation of
environmental and societal conditions As one of the key tools for objectively grasping large-
scale developments, it is expected to gain even greater significance in the future. Among
remote sensing techniques, imaging radar technology holds particular promise due to its
ability to provide high-resolution, continuous monitoring regardless of time or weather con-
ditions. This study aims to advance imaging radar technology by introducing novel signal
processing algorithms that leverage multi-channel architectures and distributed systems. The
proposed algorithms facilitate high-precision detection and measurement of shape, position,
and motion for objects such as satellites, aircraft, ships, and vehicles, contributing to the
realization of advanced remote monitoring systems. The impact of these findings extends be-
yond national security applications, offering substantial benefits for the constant monitoring
of increasingly automated transportation and logistics systems. Ultimately, these technolo-
gies are expected to play a vital role in enhancing the reliability and safety of modern societal
systems.

As of 2025, research on data-driven approaches utilizing Deep Neural Networks (DNNs)
has emerged as a frontier in radar signal processing. However, this study does not adopt a
data-driven approach; instead, it focuses on the precise understanding of physical mecha-
nisms and the appropriate modeling of signals. For example, the derivation of the azimuth
ambiguity signal model in the proposed Multi-channel DPCA algorithm in Chapter 4 exem-
plifies the effectiveness of this approach. By accurately understanding the underlying mech-
anisms, deterministic signal processing has achieved remarkably strong results. Conversely,
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the motion and three-dimensional shape estimation algorithm for ISAR proposed in Chapter
5 is based on an overly simplified model that assumes the target consists of point scatterers.
While the fundamental concept is valid, its performance falls short when applied to ISAR
images simulated to resemble real-world data. Challenges where model-based approaches
face inherent limitations —such as this case— can likely be effectively mitigated through the
application of DNN.

Moving forward, integrating model-based and data-driven approaches in a complemen-
tary manner is expected to lead to the emergence of new system concepts and high-performance
algorithms that surpass the capabilities of conventional signal processing frameworks. Nonethe-
less, when aiming to establish innovative system concepts, an accurate understanding of
physical mechanisms remains essential for guiding system design. Therefore, the impor-
tance of model-based approaches cannot be understated, and their relevance will persist.
This perspective represents one of the key messages of this thesis.
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Appendix A

The Derivation of the CRB for the
Point Target Signal with WGN model

The CRB for the target separation for the P channels, white noise case (R = I) is derived in
this appendix. The non-white noise case (R, # I) can also be derived in the same manner.
With the signal model given in (3.94)—(3.98), we set the parameter vector as follows:

0=1[x; y1 x2 )" (A.1)

where, x; and y; are the real and imaginary part of the pole py, respectively. Then A defined
by (3.83)—(3.85) reduces to

2 A, jA
A azRe[.p f’} (A2)
pg'lH JjAp  Ap
where
4, = (apal)o (ViR 'Vp)
B SII(O) S//(A¢)e—j(A¢—llfp)
- B S”(Agb)ej(Ad)*WP) s”(O)
(A.3)
and M defined by (3.90) and (3.91) reduces to
P
M = Req Y AE'AY
p=1
= i|a2Re[ E, jEp} (A.4)
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Then FIM is obtained as

Se = 2(A—M)

(A.6)
Therefore the CRB for the parameter 0 is
g1 1 1
0 20al? P2d}—d}(c3+s3)
Pdy —dic,: 0  —dis,
ey Py | disp 0
0 dysp Pdy —dic,
—dlsp 0 —dlcp Pd()
(A7)
Then the CRB for the target separation & is
_ 2 Pdy+dic
ogw, >DS,'D" = P (A.8)

WP P - a4 )

and noting that N|a|?> = SNR, we obtain (3.105).

A.1 Maximum CRB, Minimum CRB, Hybrid CRB and Average
CRB for the target separation estimation

In this appendix, the definitions and the derivations of the maximum (or the worst case) CRB
[89], the minimum (or the best case) CRB [84], the hybrid (or a posteriori) CRB [87], [91]-
[93], and the average CRB [88], [93] for the target separation estimation are summarized.
(3.111) is repeated here as (A.1) for convenience (the unit has been changed to radian
from FRC).
2N dy+d cos(Ap — )
SNR A -2

CRB(Ad|y) ~ (A.1)

For A¢ small, the maximum and the minimum CRBs can readily be seen from (A.1), noting
that dy and d; have opposite signs for A¢ small. The maximum CRB is given by y ~ 7 and
the minimum CRB is given by v ~ 0.

2N 1

CRBpax = CRB(A = A2
2N 1
RBmin = i RB(A =—" A.
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In contrast to the maximum and the minimum CRBs that give the limiting values, both the
hybrid and the average CRBs are “average” type values, and they are given by

-1
CRBhy, = tr D(E{sg}> DT]
174

IN 1
_ A1 A4
SNR dj (A4)
CRBye = 1t DE{SGI}DT]:{;{Z(;W}
IN  dy
_ AS
SNR d2 dz’ (A-5)

where Sg is the FIM derived previously assuming v is known and fixed. As can be seen in
(A.4) and (A.5), the average CRB is just an average of the CRB, while the hybrid CRB is the
inverse of the average FIM.

The difference between the hybrid and the average CRBs comes from the different con-
ditioning on the estimators. The hybrid CRB applies to estimators which are unbiased over
the ensemble of y, while the average CRB requires the estimator to be unbiased for every
value of the phase y. For both bounds, we first regard y as a random variable uniformly
distributed over [—7, 7). If the estimator @ is unbiased over the ensemble of y; namely,

6-0}=0 A6
£ {0-6} (A.6)
then the following inequality holds[92]:

-1
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The last equation follows from the current assumption that f,(y) is uniform distribution. On
the other hand, if we let the estimator @ be unbiased for every value of the phase y; namely,

1‘5 {6-0} =0, Vye[-m,7). (A.8)
zly

Then the following inequality holds[88]:

E{(6-0)(6-0)"} =

ELE{G 0)(6—0)" }]
= g{Ce\w}
v

{ BW} CRBayve(6) . (A.9)

v

Note that the inequality in (A.9) follows from the condition that the estimate is unbiased for
all y.
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For the dual polarization case, the CRB is a function of y and . (3.112) is repeated here
as (A.10) for convenience.

N do+d cos(%)cos(Ap— % —y)

CRB(A¢|y.x) ~
(A0lv.2) ~ 5\ &2 —d2cos? (1 /2)

(A.10)

The four bounds conditioned on y can readily be obtained from (A.10), and they are given
by

N 1

CRBuaxio = SNR " dy+dy|cos(x/2)| A1)
CRBinjo ng'do—dlyclos(x/zn &.12)
CRByypg = sfxvm'dlo (A.13)
CRByop = N do (A.14)

SNR d2—d?cos?(x/2)’

where, the maximum and the minimum CRB are respectively given by v = n — % /2 and
v=—x/2

A.2 Analysis on the effect of the magnitude

In this appendix, the effect of the relative magnitude between the polarization channels is
briefly discussed. To illustrate the effect of the magnitude of the targets analytically in a
systematic manner, the following target model is employed.

cos&; sin&;
= . —_— A.l
@ U1 eV cos & eVsing, (A.1)

where, &; and &, determine the relative amplitude between the two polarization channels of
the two targets,  is the relative phase of the target #2 to the target #1. In this model, the
total power in the two channels of the two targets |a|? are assumed to be identical. By fixing
the total power in this manner, the SNR defined in (3.99) is now regarded as the SNR in the
total power of the two channels. The target model in (A.1) is theoretical, but it can be related
to physically meaningful models. For example, the scattering matrix of a thin cylindrical
scatterer (or an elementary dipole) with the orientation angle around radar line of sight &
(from the horizontal polarization direction) can be expressed as [133], [134]:

cos?E  cosEsiné

Sey cosésinE  sin&?

(A.2)
If we assume that we have a dual polarization system with HH and HV channels, the target
signal of a thin cylindrical scatterer can be expressed as acos& - [cos& sin&], the polariza-
tion property of which agrees with the one in (A.1). Thus the target model in (A.1) almost
corresponds to the two closely located thin cylindrical scatterers as in Fig.A.1 1.

IIn (A.1), the amplitude factor cos & that appears in thin cylinder model is not included. As a result, the model
requires the dimension of the thin cylinder to change along with the rotation angle £. In addition, when § = 77/2,
the thin cylinder model no longer explains the model in (A.1) at all.
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Radar line of sight

H

FIGURE A.1: Two closely located thin cylindrical scatterer model

The performance of the PBWE and BWE is evaluated via simulation and compared with
the CRBs for the signal model given in (A.1). The simulation conditions are equivalent to
those given in section 3.4.3, except that only SNR=40dB case is shown here.

Fig. A.2 show the results for target separation estimation error. The sub-figures (a) — (d)
show the results for A =0, n/6, /4 and 7 /2, respectively. The dashed green line and
the dash-dot yellow line show the rmse of the target separation estimation by the BWE for
polarization channels 1 and 2, respectively. And the dashed magenta line show the result of
the PBWE. The solid blue line and the cyan line show the square root of the average CRB for
the target separation of the single polarization case for polarization channels 1 and 2. And the
solid red line show the average CRB for the dual polarization case. The dotted blue line and
the cyan line show the square root of the hybrid CRB for the target separation of the single
polarization case for polarization channels 1 and 2. And the dotted red line show the hybrid
CRB for the dual polarization case.

Following the procedure shown in Appedix A.1, the hybrid CRB and average CRB for
the dual polarization case are derived as:

N\* N 1
CRBpypa, = (27r> 'SNR 4 (A.3)
N\? N do
CRB = (== - - A4
avelA, <2n> SNR 2 — d?cos? A& (&.4)

where, A = & — &,. The hybrid CRB and average CRB for the polarization channel 1 are
derived as:

N\> N 1 1o\ 1
CRB = R, . — A5
bybl.1..2 (2%) SNR <0052 & toos? §2> do (A-5)

N\> N 1 1 do
CRB = ) . . A.6
avel, .2 (2%) SNR <0082 & T oo §2> d}—d? (4.6

And for polarization channel 2, cos&; and cos&; in (A.5), (A.6) are replaced by sin&; and
sin &, respectively. Note that in this signal model, the CRBs for the single polarization case
depend on polarization channel. In Fig. A.2, & is set to be /6. Note in (b) and (d), the
cyan lines coincide with the blue lines, since in these cases, & = 7 /3 and 27 /3, and thus
1/cos?E  +1/cos?E = 1/sin’ &) + 1/ sin? &,.

It can be seen from Fig. A.2 that the PBWE nearly achieve the average CRB. On the other
hand, the deviation of the results of the BWE from the CRB for the single polarization case
is relatively large compared to the results given in Fig. 3.16. From the intersection between
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the dashed green line and the solid black line, the resolution of the BWE is evaluated to be
around 0.4~1FRC. Also, from the intersection between the dashed magenta line and the solid
black line, the resolution of the PBWE is evaluated to be around 0.4~0.5FRC for A& = 0,
about 0.3FRC for A = 7/6 and around 0.1~0.2FRC for A§ = n/4 and /2.

Fig. A.3 and Fig. A.4 respectively show the orthogonal and the parallel components of the
polarization vector estimation error. The sub-figures (a) — (d) of Fig. A.3 show the results for
AE=0,7m/6, /4 and /2, respectively. The dashed green line and the dashed magenta line
show the rmse of the polarization vector estimation by the BWE and the PBWE, respectively.
The solid blue line and the solid red line show the square root of the CRB for the polarization
vector estimation error for the dual polarization case and the individually processed case.

The CRB for the polarization vectors s; and s, can be calculated according to (3.148),(3.149),
where () is replaced by Q.

= :Hgmﬂ Hﬁmg] A7)
"o :S?(A()¢2) siﬁg)} (A.8)
Ao [l mebies "
b= fm{rz?ns gzsii & fm};nsii;g éz] (A.10)
Go = [Jreings it |

and

5'(A9)%s"(0)
25"(0)2 — 25" (A9)?cos? A&
s'(AP)%s" (AP) cos A&
25"(0)2 — 25" (A@)?cos> A&’

Jmo (A.12)

Jmi (A.13)

The variance of the polarization vector estimation error when the two polarization channels
are individually processed is found to be the same as (3.155). Unlike the CRB for target
separation, the CRB for the polarization vector estimation error are independent of &; and &,.

It can be seen from Fig. A.3 that the PBWE nearly achieves the average CRB for the or-
thogonal component of the polarization vector estimation. On the other hand, the orthogonal
component of the polarization vector estimation error of the BWE is 10 to 20dB larger than
the CRB. From Fig. A.4, the parallel component of the polarization vector estimation error
of the BWE and the PBWE are both larger than the CRB by more than 10dB. These results
are mostly consistent with the results in section 3.4.3



Appendix A. The Derivation of the CRB for the Point Target Signal with WGN model

135

10

10

rmse (FRC)

average CRB (pol.ch.1)
“““ +hybrid CRB (pol.ch.1)
average CRB (pol.ch.2)

hybrid CRB (pol.ch.2)
——average CRB (2ch)
- hybrid CRB (2ch)
BWE(pol.ch.1)
BWE(pol.ch.2)

=% =PBWE

107 107 10" 10°
separation (FRC)

10

(a) AE =0

average CRB (pol.ch.1)

“““ +hybrid CRB (pol.ch.1)
average CRB (pol.ch.2)
hybrid CRB (pol.ch.2)

——average CRB (2ch)

- hybrid CRB (2ch)
BWE(pol.ch.1)
BWE(pol.ch.2)

=% = PBWE

2 1 0 1

107 107 107 10
separation (FRC)

(A8 =mn/4

average CRB (pol.ch.1)
“““ ~hybrid CRB (pol.ch.1)
average CRB (pol.ch.2)
hybrid CRB (pol.ch.2)
—— average CRB (2ch)
++hybrid CRB (2ch)
BWE(pol.ch.1)
BWE(pol.ch.2)

=% = PBWE

10° 107 10" 10° 10
separation (FRC)

(b) AE =1/6

average CRB (pol.ch.1)

“““ ~hybrid CRB (pol.ch.1)
average CRB (pol.ch.2)
hybrid CRB (pol.ch.2)

—— average CRB (2ch)

-+ hybrid CRB (2ch)
BWE(pol.ch.1)
BWE(pol.ch.2)

=% = PBWE

10° 107 10" 10° 10
separation (FRC)

d)AE =1/2

FIGURE A.2: The target separation estimation rmse of BWE and PBWE
along with the average and the hybrid CRB for the signal model given in
(A.1). The solid blue line and the cyan line show the square root of the aver-
age CRB for the target separation of the single polarization case for polariza-
tion channel 1 and 2. And the solid red line show the dual polarization case.
The dotted blue line and the cyan line show the square root of the average
CRB for the target separation of the single polarization case for polarization
channel 1 and 2. And the dotted red line show the dual polarization case. In
(b) and (d), the cyan lines corresponds to blue lines. (N = 50 / SNR=40dB /
&1 = m/6/ order of the linear prediction filter for BWE and PBWE = 6)
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FIGURE A.3: The orthogonal components of the polarization vector estima-
tion error for the signal model given in (A.1). (a) — (d) show the results for
AE =0,7/6, t/4 and 7 /2, respectively. The solid blue line and the solid
red line show the square root of the CRB for the orthogonal component of
the polarization vector estimation error for the dual polarization case and the
individually processed case. The dashed green line and the dashed magenta
line show the rmse of the polarization vector estimation by the BWE and the
PBWE, respectively. (N =50/ SNR=40dB / &, = /6 // order of the linear
prediction filter for BWE and PBWE = 6)
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FIGURE A.4: The parallel components of the polarization vector estimation

error for the signal model given in (A.1). The solid blue line and the solid

red line show the square root of the CRB for the parallel component of the

polarization vector estimation error for the dual polarization case and the

individually processed case. In (a), the CRB for single and dual polarization

case coincide with each other. (N = 50 / SNR=40dB / &, = n/6/ / order of
the linear prediction filter for BWE and PBWE = 6)



138

Appendix B

The phase shift introduced by the
resampling

Consider the multi-channel signal of one azimuth line before registration up,(nAN), (¢ =
1,--+,Na;n = 1,--- ,N) that contains only static background clutter, where N is the number
of the azimuth samples and An [sec] is the azimuth sampling interval given as the reciprocal
of the PRF F,, i.e., An = 1/F,. Fourier transform of the first (reference) channel is given by

Ka
Ui (fn) = F {upi (nAN)} = Y. Uorg (fy —kF), (B.1)
k=-K,

where K, is the maximum order of the azimuth ambiguity, and Uo, ( fy) is the Fourier trans-
form of up;(n), which is free from the aliasing due to sampling. From the shift property
of the Fourier transform, the Fourier transform of the rest of the channels are expressed as
follows:

Ug (fn) = F {ung(nAn)}

K, )
= Y Uy (fy —kF) e 2 Un—k)ma, (B.2)
k=—K,

The registration process can also be expressed using the shift property of the Fourier trans-
form, and the multi-channel signal of one azimuth line after registration is given by

ug(nAn) = T~ {Ung (fy) " nMa}
K,
= F'8 Y U (fy —kF)
k=—K,
w o= 2R g —kF) Mg p 27 fr g }
K, )
= Y T Uy (fy — kFa) } &/2Fala
k=—K,

K, '
= ) ¢ (nAn) /2 My, (B.3)
k=—K,

where ¢® (nAn) represents the azimuth ambiguity of k-th order in the first (reference) chan-
nel, which is defined as follows:

O (nAn) = F 7 {Unwg (f — kFa) }. (B.4)
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From (B.3), the registered clutter # with azimuth ambiguity can be expressed in a vector form
as follows:

u = Dc (B.5)
[ 1 R 1
e~ J2mKuEaN L. ] ... p/2mKaFamin
D =
e_jZ”I;aFanlNa . . 1 . . eﬂ”K;FamNa
- T
C = C<7Kﬂ>(nAn),...,C<O>(nAn)’...,C<Kﬂ>(nAn):|

Note when the DPCA condition is satisfied, i.e., no resampling is required upon registration,
F,m14 becomes integer and (B.5) reduces to

K,
u=cl, where c= ) . (B.6)
k=—K,
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Appendix C

Derivation of CRLB

C.1 Derivation of CRLB for the Doppler frequency and the rate
of change of Doppler frequency

In this appendix, the derivation of CRLB for the Doppler frequency and the rate of change of
Doppler frequency is given. For the sake of simplicity, the signal model given in Eq. (5.27)
is rewrited as follows.

x[m] = aexp {—j{l[/%— omT + ;a)(mr)ZH +wlm], - <m< M—-1 (C.1)

Here, the variables in Eq. (5.27) are replaced by sox = ae IV, 2nfy = o, 2nfy = @ and
tpri = T, respectively. Since w[m] is assumed to be WGN with variance o2, the probability
density function of x[m] is given by

POE) = g 59 | — 2z (- (E) " (x- (@) c2)

where, the parameter vector ¢ is defined as
{=lay o o, (C.3)

and
X = : : p(@) = : : (C.4)

Here, (t[m] is the mean of x[m], and it is given by

1
wlm| = aexp [—j{l//—f- a)mT—I—za')(mr)QH . (C.5)
The Fisher Information Matrix (FIM) for the parameter vector ¢ is given by [103]

2

[G(8)];; = ?Re

(C.6)

(MZM op[m)™ du[m] ]
—(M-1)/2 861 851
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while the partial derivatives are given as follows.

a‘;[c’l"] — exp [—j{l;/+ omt + ;d)(m’v)ZH (C.7)
8;5‘[;1] = —jaexp [ {1//+ wmT + ;w(mr)z}] (C.8)
ag‘z"] = —jmtaexp {—j { ¥+ omT + ;(i)(mr)z}] (C.9)
gL] = —j%(mf)zaexp [—j{l]/—i— a)mf—l—;(i)(mr)z}] (C.10)

Substituting Egs. (C.7)—(C.10) into Eq. (C.6), we obtain the elements of the FIM as follows.

(M—1)/2
G(D)] = %Re Z 1]:2]‘;[ (C.11)
° —(M1)/2 c
[G(&)], = 0 (C.12)
[G(&)];; = 0 (C.13)
(G, = 0 (C.14)
2 (M-1)/2 2
(G(8), = Z%Re Y 1]—2Mza (C.15)
o (M—-1)/2 c
[G(&)l,; = 0 (C.16)
) (M-1)/2 P2 M(M? 1)
[G(@)]y = 5 Re WS e (C.17)
20272 (M-1)/2 2> M(M? 1)
[G(g)]% = o2 Re _(M_l)/zm =52 6 (C.18)
a2‘53 (M—1)/2 5
[G(&)]yy = —5Re| Y m'|=0 (C.19)
° —(M-1)/2
@t [T 22 M(M2—1)(3M2 - 7)
GOk = e (le)/zm T o 480 . (€20
which yield the FIM for ¢ to be
& 0 0 0
0 2M;12 0 a2,g2 . M(szl)
G(¢) = 0 ‘6 2 MOP) o 012 . (C2D)
o2 6
0 @ Mor-1) 0 @t MOP-1)(M-T)
o? 12 o2 480

Then the FIM for @ and @ are obtained as the Schur complement of G(¢) as follows.

cfl@ Q[ EMle) 0 2o 0
) = 52 0 1:4M(M2:“132)(3M277) o2 | o f“M(é‘g;—l)2

) 2M(M*—1) 0
= [ (6) MM —1)(M?—4) ] (C.22)
360
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The CRLB for @ and @ can be readily derived by inverting the FIM given by Eq. (C.22).
Note that a?/ 62 corresponds to the SNR 1 in Egs. (5.28), (5.29).

C.2 Derivation of CRLB for the rate of change of phase differ-
ence

The signal model given in Egs. (5.30), (5.31) are rewrited as follows.

xo[m| = aexp{—jw[m]}+ wo[m] (C.23)
xi[m| = aexp{—j(y[m|+ ¢+ ¢mt)} +w[m] (C.24)

Here, the variables in Egs. (5.30), (5.31) are replaced by

sokexp{—jy[m]} = spexp{—jy[m|} =aexp{—jy[m]},
o = 0,
o = 9.

respectively. Note that the complex amplitudes are assumed to be identical in the both signal,
which is valid if the baseline is sufficiently short compared to the range, and the phase term
of the complex amplitude is now included in the phase term y[m]. Since wo[m|,w;[m] are
assumed to be WGN with variance 62, the joint probability density function of xo[m] and
x1[m] is given by

) = i |~ g (0 (- m@). ©25)

where, the parameter vector ¢ is defined as

‘- [a "’(‘Mz_1> 1,,<Mz_1> p qs]T, (C.26)

and

Hp [_MTA]

w=| |, om@®=| : |. p=o1 @27
xp [M5] wy [M5]

Here, U,[m], p;[m] are the means of xo[m], x;[m], respectively, and they are given by

Ho[m] = aexp{—jy[m]} (C.28)
wilm] = aexp{—j(y[m]+¢+dmr)}. (C.29)
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The partial derivatives of (&) are given as follows.
J . J , -
Lg)c[lm] = exp{—jy[m]}, ‘;c[zm] =exp{—jly[m|+ ¢ +dmt]} (C.30)
dlolm) lm] .
d d
‘g’q[,m] =0, = é’"] = —jtu [n] (€32)
a‘g’ém] ~ 0, a“alqgm] — — jmr [m)] (C.33)
Substituting Eqgs. (C.30)—(C.33) into Eq. (C.6), we obtain the elements of the FIM as follows.
) (M—1)/2 (M-1)/2 aM
G@)],, = SRe| Y 1+ Y 1|=—= (C.34)
° —-M-1)/2  —(M-1)/2 o
[G(S)],y 0 (Vv=2,---,.M+1) (C.35)
[G(@f)] 1(M+2) — 0 (C.36)
GOz = 0 (C.37)
2 4a?
[G(‘:)]yv = gRe [az5u,v +a25#,v] = ?au,v

(L,v=2,-,M+1)(C.38)

2a?
G@]um+2) = 52 (L=2,---,M+1) (C.39)
28 [ M—1
G ymss) = 62<—2+u—2>r (L=2,---,M+1) (C.40)
s [ =2 M
@2z = SaRe|d =" (C.41)
—(M-1)/2
) , (M—1)/2
(G w23y = GaRe|aT m| =0 (C.42)
—(M-1)/2
2 M=1)/2 24272 M(M?—1
[G(g)](M+3)(M+3) ERG a’t? Z m*| = P (12 ) (C.43)
L —(M-1)/2
which yield the FIM for ¢ to be
fl oo 0 0
0| %1 | 21 2z
G =| , T w2 (C.44)
o2 o2
0 23221 T o %'M(ﬁf_l),

where I is an M x M identity matrix, 1 is an M-dimensional column vector whose elements
are all one, andm = [—(M —1)/2,—(M —3)/2,---,(M —1)/2]". From Eq. (C.44), we can
see that the parameter « is independent of other parameters; therefore, the FIM for ¢ and ¢
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are obtained as the Schur complement of the lower right block of the G(&) as follows.

o([3))

2ig" 0 N )
% 2 MM -1) | T o2 [ atm’ } [1 d’tm ]

o2 6

(2a*—1)M 0

252

— [ Ll(;)' az‘L'z . M(szl) ] (C45)
o? 12

The CRLB for ¢ can be readily derived by inverting the FIM given by Eq. (C.45).
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