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Abstract 

The t,hesis-' st,udics opt,imal ins_'pect.ion and maint,enance policies for high reliable s~. rs-

te.ms. Some modified a,nd ext,ended inspect,ion models from the viewpoint of a,ct,ual 

mode...Is are considered. Using t,he reliability theory, s'uch models are mathemat,ically 

"I,n'cll~. /zed a,nd useful inspect,ion schedules a,re determined. Reasonable costs of inspec-

t.ions~' and f･dilures f'or each model are introduced, and the expect,ed costs unt,il the 

det,ection of failure~;~ are obta,ined. Optimal inspec.t,ion policies which llLinimize thes~'e 

expcctecl costs 'a,re .derived a,na,lytica,llV. and numerically. In particula,r, these results 

¥vould be pra,ct,icall~. ･ ,applied t,o det,ermine inspection schedules for systems such as dig-

ital cont,rol devices. Fllrther, optimal ma,intena,nce a,nd inspection policies for a, finite 

int,erval are similarly considered a,nd are analyt,ica,lly discussed. 

'This~' thesis~' ib- divided into 7 chapters. An init,ia,1 cha,pt,er gives,_ the introduc,t,ion 

¥vhic;h is_ const,ruct,ed b~.r t,he review of lit,eratures and t,he orga,nization of this thesis. 

Ch.apt,ers 2 t,o 4 consider t,he modified inspec;tion models and discuss these optima,l 

policie,s~_.~: Ch.apter 9- studies opt,ima,1 inspect,ion policies for a two-unit system. First,, 

t,he syst,em operates a,s a, two-unit, system, and when one unit, fca,ils_', it, opera,t,es_' a,s a 

~;.'ingle-unit syst,em. The s~'y. stem is checked cont,inuously or perioclica,lly while it, oper-

~l,tcs a,s_' a, t,¥vo-unit, s~. 'st,em, a,nd is checked periodic,a,11~, r b~. ･ ,s_~elf-dia,gnosis aft,er a fa,iled 

rulit i~ det,ac:hr･d frorn t,he syst,em. Cha,pt,er 3 studies~' optima,1 ins~'pect.ion policies for 

a s,~'ystem ¥vit,h s_'elf'-t,est,ing ~,'hic:h can detect, s_ ome failures ~vit,hout, performing ext,ernal 
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ins~'pection. Ho~~'ever, the failure might, not, be detected rapidl~. ･ b~.･ self-testinob', and s~'o, 

it ¥vould be necessary to check the s~. 'stem periodica,ll~,' b~. ' inspection. This cha,ptcr con-

siders the model ¥vhere a fa,ilure is det,ected by eit,her self-t,es~'t,ing- or I.)eriodic inspect,ion. 

Then, optimal in,s'pect,ion polic.,ies ¥¥,'hich minimize t,he expec'ted cost,s a,re a,na,lytically 

. . and inspection policie~~,~' for Ft finit,e derived. Cha,pt,er 4 studies optmlal m ~mtenance 

int,erva,1. Opt,imal policies ~vhich minimize t,he expected coH,st,s of perioclic repla,c(?ment, 

¥¥ rth mmima,1 repa,ir. l_)lock and inspect,ion polic~,' a,re repla,cement,, simplc replacement, 

derived for a, finit,e inter¥".tl. Chapt,e,r 5 :s'tudieb~ optim~~l ins,:'pect,ion policies for ~l, s~.rs-

tem ¥vith t,¥vo t,ypes of inspect,ion: There might, exist some fa,ilures ~vhich ca,n not, be 

detect,ed by type-1 ins~'pection ancl ( ~n be detected onl¥ b¥ t¥pe ~ mspe( tron howevel 

t~. 'pe-1 in,s'pe(~'tion h.as a, Io¥ver cost, t,han tha,t, of t~.･pe_,-2 inspect.ion. An opt,ima,1 nun~lber 

t,o perf'orm t,ype-1 inspection until the next t,ype-~)_ insp(~ct,ion is analyt,ically deri¥red. 

Cha,pter C cons~'iders an ext,endecl model in Chapter 5. ~¥rhere t,he sys't,em is' rGpla,cecl at 

t,he specifiecl N-th t,ype-2 inspection. The expect.ed cos~'t, per unit, of time i,~;'-)' analytica,11~. . 

obt,a,inecl, a,nd an opt,ima,1 numJ_)cr t,o perform t,)_..pe-1 inspectlon until the next t~ pr 9 

inspect,ion is numerically deri¥'ecl. 

Fina,ll~.',･, in Cha,pt,e_,r 7, t,he res~'ult,s_' 'are s~'umma,rized. 



Acknowledgment 

The aut,hor would be like to a,pprecia,te Professor Toshio i..¥~a,kagawa,, the supervisor of 

my ~,~t.udy for his const,ant guidance, encouragement and suggestions throughout this 

¥~rork . 

The aut,hor ¥vishes to t,ha.nk t,he members of t,his_ thesis reviewing committee: Pro-

fe,~;_'sor Ka,zumi Ya,s~_.'ui. Profes,s'or iNa,ohiro Ishi. Professor Tomio Kurokawa, and Profe.ssor 

KazuV. 'uki Tera,moto for their careful reviews of t,his disserta,tion. 

The a,uthor is a,Is"o grat,eful t,o Professor Shunji Osa,ki of Na,nzan Univelslty for 

h.,1¥ring present,ed the pa,pers a,t some national confe.rences, and wishes to thank Kodo 

It.,o of ~,･Iitsubishi He'av~.' Indust,ries, LTD., Processor S~, rouji Nakamura of Kinjo Gakuin 

Universit,y, Profes'sor Hiroa,ki Sa,ncloh of University of ~,Iarketing & Distibution Sciences 

and a,ll members of .I¥1'a,goya Comput,er a,nd Relia,bilit,y. Research Group for the_.ir useful 

c:omrnents and discussion,s'. 

Furt,hermore, t,he a,ut,hor would like to t,ha,nk a,ll professors of Aichi Inst,it,ut,e of 

l~~chnology for cont,inual support, for this stud~.r. 

This~' diss~'ert,a,tion coulci not, ha¥re been acc,omplished ¥vit,1=10ut the guida,nce a,nd en-

cOuragem(-~nt, of t,he 'a,bove members. 

F.'inally, the a,uthor ~vi,s'hes t,o t,ha,nk my famil~. r for t,heir ment,al a,nd va,rious supports. 

V 





C o nt e nt s 

1 Introduction 

1.1 Inspection Policy . . . . . . . . . . . . 

1.2 Technique for Detection of Failure . . . 

1.3 Outline of Thesis . . . . . . . . . . . . 

2 Optimal Inspection Policies with Comparison-Checking for 

a Two-Unit System 

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

2.2 ~'Iodel and Assumptions . . . . . . . . . . . . . . . . . . . . . . . . 

9_.2.1 Cont,inuous compa,rison-checking model . . . . . . . . . . . . 

9_.2.2 . Periodic comparison-chec.king model . . . . . . . . . . . . . . 

2.3 Optima,1 Inspection Policy. . . . . . . . . . . . . . . . . . . . . . . . 

9_.3.1 Cont,inuous compa.rison-checking model . . . . . . . . . . . . 

9_.3.2 Periodic., compa,rison-checking model . . . . . . . . . . . . . . 

2.4 Numerica,1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . 

2.0r Conclu,s_ions . . . . . . .-. . . . . . . . . . . . . . . . . . . . . . . 

3 Opthnal Periodic Inspection Policies for a System with Self-Testing 

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

3.9_ ~'loclel and Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . 

vii 

1 

2 

4 

5 

9 

9 

11 

11 

14 

18 

18 

19 

20 

22 

27 

27 

29 



4 

3.2.1 Periodic inspection model . . . . . . . . . . . . 

3.2.2 Sequential inspect,ion model . . . . . . . . . . . 

3.3 Optirnal Inspection Policy. . . . . . . . . . . . . . . . . 

3.3.1 Optimal policy for tot,al expected c,ost . . . . . 

3.3.2 Optimal policy for expected cost per unit, of t,ime 

3.3.3 Opt,ima,1 polic~. ' f'or sequential inspect,ion . . . . 

3.4 Numerical Examples . . . . . . . . . . . . . . . . . . . 

3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . 

, , , 

Optimal Maintenance and Inspection Policies for a Finite Interval 

4.1 Int,roduct,ion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

4.9_ Repla,cement Policies . . . . . . . . . . . . . . . . . . . . . . . . . . . 

4.2.1 Periodic replacement, with mini.mal repa,ir . . . . . . . . . . . . 

4.2.2 Block replacement . . . . . . . . . . . . . . . . . . . . . . . . 

4.2.3 Shrrple replacement . . . . . . . . . . . . . . . . . . . . . . . . 

4.3 Inspection Policy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

4.4 Numerica,1 Exa,mples . . . . . . . . . . . . . . . . . . . . . . . . . . , 

4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

5 Optimal Policies for a System with Two Types of Inspection 

5,l 

or.2 

or.3 

5.4 

r:r( 
o,o 

5,6 

Introduction . . . . . . . . . 

~,Iodel a,nd Assumptions . . 

Opt,ima,1 Policy I . . . . . . 

Opt,irnal Polic;~,_' 2 . . . . . . 

Numerical Exa_ ,mples . . . . 

Conclusions . . 

29 

32 

33 

33 

3r, 

39 

41 

44 

47 

47 

48 

49 

51 

52 

5(5 

56 

59 

61 

61 

G3 

66 

67 

C8 

72 



6 Optimal Replacement Policy for a System wrth 

Two Types of Inspection 

6.1 Introduction . . . . . . . . . . . . . . 

0.2 Model a,nd Assumptions . . . . . . . 

6.3 Optima,1 In,s'pection Policy . . . . . . 

6.4 Numerica,1 Exa,mples . . . . . . . . . 

6.5 Conclusions . . . . . . . . . . . . . . 

73 

73 

74 

78 

80 

82 

7 Conclusions 83 

, 





List of Tables 

2. I Opt,imal diagnosis inte_.rva,1 AT~ x 105 of continuous~' comparison-checkingo 

model for cd/(ACi) a,hd cr/ci When cel/(ACi) 105. . . . . . . . . . . . . 21 

2.2 Optima,1 int,erva,1 AT1)* x 105 of periodic comparison-checking model for 

c(1/(Ac_;i) and cr/ci ~vhen ce2/ci 0.1. . . . . . . . . . . . . . . . . . . . 22 

2.3 Optima,1 inter¥ral A'rp* x 105 of periodic compa,rison-checking model for 

c 2/ci ancl cd/(Aci) when Cr/ci 5 x 105. . . . 22 

3.1 Opt,ima,1 int,er¥'al T* to minimize B(T) for 1//~ a,nd cd/ci When 1/A 

3.~_ Optima,1 interval T* to minimize C(T) for lhJ; a,nd cd/ci when G(x) 

3.3 Optima,1 int,erval T* to minimize C(T) for 1/p, and p when G(x) -

p(1 - e~Px) and Cd/ci 100. . . . . . . 43 
. . 12) for ?Tl' to minimize C(TI ' T2, ' ' ' ) 3.4 Optima,1 times_' Tk*,-Tk_1 (k - 1, 2, . , 

1 e~At"~ and cd/ci = 100. . . when G(x) = I - e~'Jx, F(t) - . 43 
4.1 Optnual n fol pelrodic replacement with mmmlal repan ~hen S 100 

: . = I a,nd F(t) = I - e~At2 . 57 ( 7n 

4.2 Opt,ima,1 'n.* for block repla,cement when S 100, cf I a,nd F(t) is 

ga,mma wit,h pa,ra,meter 9-. . . . . . . . . . . . . . ,5~ 7 

xl 



4 3 Optnual n for slmple replacement when S - 100, Cd I and F(t) -

4.4 Chec:king times Tk, and expect,ed cost ~(,n,) C('n,)/cd + os F(t)dt when f . 
S 100, Ci/cd 2 a,nd F(t) I - e~At2 58 

5. I Optimal number m,~ t,o minimize B(m;; T) f'or 1/(AT) , Ci2lcil a,nd cclT/cil 

5.2 Optima,1 number Tn,~ t.o ininimize B('m.;T) for ll(AT), p and CdT/cil 

¥¥rhen ci2/cil - lO. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . C9 

or.3 Opt,ima,1 number m*2 t,o minimize 'C(m,; T) for 1/(AT) ? ci2/c.'il and cdT/cil 

5.4 Optima,1 nulnber m~ to minimize C(m,;T) for 11(AT), p, and cdT/cil 

when Ci2/cil lO. . . . . . . . . . . . . . . . . . . . . . . . . . 70 

6.1 Opt,imal number rn,* t,o minimize C(m;T, N) for ci2, 1/(AT) and cdT 

whenp 0.9 and c7' O. . . . . . . . . . . . . . . . . . . . . . . . . . . 80 

6.2' Optimal number m* to minimize C(m,; T, N) for p, l/(AT) a,nd cdT when 

c,i2- lOa,ndc7'-O. . . . . . . . . . . . . . . . . . . . . 81 

6.3 Optim'a,1 number m,* t,o minimize C(7n,; T, N) for N, 1/(AT) , a,nd c(lT 

when cz2 10 c 100 and p 0.0. . . . 81 

J 



List of Figures 

2. l 

2.9~ 

2.3 

2.4 

2.5 

3. 1 

3.~9 

3.3 

4. 1 

4.2 

5. 1 

5.9~ 

or.3 

5.4 

G. l 

6.2 

6.3 

System with two units. . . . . . . . . . . . . . . . . . . 

Comparison-checking model with each processing t,ime. 

Case I of periodic comparison-checking. . . . . . . . . . 

Case 2 of periodic comparison-checking. . . . . . . . . . 

Case 3 of periodic comparison-checking. . . . . . . . . . 

Sy stem wrth self testmg 

Processes of system wrth self t,esting. . . 

Rela,tionship between self-detec,tion rate d(T) and function Q1(T). . . 

Finite time S wit,h n periodic interv.als. . . . . . 

Finite inter¥ra,1 S ¥vi't,h n sequential interva,Is. . . 

System wit,h two types of inspection. . . . 

Two types of inspection. . . . . . . . . . . 

(' . ) Expect,ed cost ~ rT?,,T . . . 

Expec:ted cost .( ,, ). . . . C 7n' T 

Dia,gram in case of N'rr~T < t. . . . . . . . . . . . . . . . 

Di'agram in case of km,T + j < t < kmT + (j + l)T. . . . 

Diagram in case of k7n,T < t ~ (k + l)T ~ Nm.T. . . . . 

ll 

13 

16 

16 

16 

29 

31 

34 

48 

55 

62 

65 

71 

71 

76 

76 

76 

xiii 



Chapter 1 

Introduction 

In recent, years, man~. ' systems such as digital cont,rol devices and other devices for in-

forma,tion processing have been greatly developed and become widely used. Therefore, 

t,he_. hnpro¥'ement of their relia,bility has become necessary and important. For instance, 

some fa,ilures of systems might incur great losses, and sometimes, might cause a social 

confusion. The complexity of systems has dramatically increased, and as a result, it 

ha,s become much more difiicult to predict the occurrence of failures. 'Therefore, it is in-

dispensably necessa.ry and greatly importa,nt to check systems suitably a,nd detect their 

failures by inspection. However, the cost of inspection would be usually very expensive 

a,nd it, would be difficult to develop the method of inspection to detect any failure. 

Therefore, it is of great interest to determine appropriat,e schedules of inspec.tion from 

t,he viewpoints of reliability and economics. 

For the purpose to assure of the reliability and economics, the numerical evalua,tion 

of a,ctivities for inspection and maint,ena,nce have been great importance wit,h globaliza-

t,ion a,nd deregulat,ion of t,he world. lv'lany. reliability researchers ha,ve studied t,heoret,ical 

and practica,1 problems to eva,lua,te and improve the relia,bility a,nd economics for c,om-

plex phenornena of rea,1 sv. stems, using mainly s~'tocha,stic processes. The relia,bility 

t,heor~. ' has been a,ctua,lly applied t,o evaluate these criterion in s~'evera,1 pra,ctica,1 fields 
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2 CHAPTER I . INTRODUCTION 
such as industrial, mechanical and elect,ronic engineering's. Fl_lrther, t,his theory ha,s 

been also applied to information, network a,nd communica,t,ion systems. 

In this thesis, we form some stochastic models in whic'h sy. stems are checked t,o 

detect their f.a,ilures by. inspection a,t suita,ble t,imes by. ins~'pect,ion. W'e are ma.inl~. r 

interested in optima,1 scheduled times of inspection which minimize the total expecte_,d 

cost, from t.he beginning of system opera,tion to the det,ect,ion of fa,ilure. ',1'nd the expected 

cost per unit of time as objecti¥'e functions. We a,re a,Iso concerned wit,h t,he expect,ed 

costs and opt,imal policies when systems~' have to opera,t,e for a finite interval. Further, 

we give numerical examples at, ea,ch chapt,er t,o understa,nd t,he results ea,sily and make 

s~'ome useful discussions for them. 

1.1 InSpectiOn POlicy 

Some failures of systems Inight, incur great losses~', and sometimes, might cause a social 

confusion. Hence, it is necessary t,o check syst,ems at suita,ble t,imes and t,o cletect, ea,rly 

their fa,ilures. Howe,ve,r, it might incur much loss c,ost a,nd work when inspe,c,tion is 

done ,s'o frequent,1y. .' Therefore, by ma,king a trade-off between the los_'s cost, of fa,ilure 

a,nd the cost of inspection, we have to detenrLine optimal schedules of inspection. 

Optimal inspection policies ha,ve been established as a grea,t part of reliabilit~.. the-

ory. . In this t,hesis, ¥ve consider one cy. cle from the beginning of system opera,tion t,o the 

detection of failure, and a,dopt, t,he expecteci cost on one cycle as an objec:tive funct,ion. 

Then, we discuss opt,imal inspection policies which minimize the total expec,ted cost, of 

one c:ycle and the expect,ed cost per unit of time, whic:h is_' ~50'iven by._ [ROSS (1970)] 

Expected cost pe_,r cy. cle 

Expected time per cycle 

Barlow and Proschan (1965) summa,rized the iuspections policies~' which minimize 

twO expect,ed costs until the detection of failure a,nd per unit, of time. R,oss (1970) a,nd 



Osa,ki ( 1992) explained plainly the st,ochastic processes a,nd applied them t,o typical 

stochastic and relia,bility models. Ben-Daya and Duffuaa (2000), and Gertsbakh (2000) 

overviewed rrLany maintenance policies. However, all failures can not be detected upon 

inspection. The imperfect.-inspection model was first treated in Weiss (1962). Coleman 

and Abra,ms (1962), and ~'lorey (1967). Apostolakis and Bansal (1977) considered 

imperf'ect inspections due t,o human errors, and Srivast,ava, a,nd ¥Vu (1993) estimated 

the pa,ralneter of an exponential failure distribution, using the maximum likelihood 

met,hod. Osaki (2002) and Pha,m (2003) edited the reliability books with advanced 

resea,rches and applicat,ions, a,nd summarized extensively opt,imal maintenance policies. 

~.Iost fa,ult,s occur intermitt,ently in digital systems. Su et al. (1978), Koren and 

Su (1979), N~akagawa et al. (1989, 1990) discussed optimal periodic tests to detect 

intermittent fa,ults. Chung (199(5) developed a simple algorit,hirL t,o compute an optimal 

t,ime, and Ismaeel a,nd Bhatnagar (1997) introduced a random test for detection of 

f.a,ult,s in combinationa,1 circuits. 

Inspection models have been recent,ly a,pplied to ma,ny a,ct,ual systems: Christer 

et al. (1982, 1984, 1989) reported the inspection maintenances of building, industria,l 

pla,nt a,nd underwa,ter structure. Sim et al. (1984a, 1984b, 1985) analyzed the periodic 

test of combustion turbine units a,nd standby equipments in dorma,nt systems and 

nuclea,r generating stations. Further, t,he following inspections were rnade: Fail-sa,fe 

structures b~.' Young (1984), manufacturing stations by Ca,ssa,ndras and Han (1992), 

a,ut,oma,t,ic., trips_' a,nd warning instruments by Sherwin (199Or), bearings by Garners et al. 

(1998). It,o and Na,ka,ga,wa (2000, 2004) discussed optima,1 policies for FADEC (Full-

Aut,hority Digita,1 Engine Control) which is a control device of ga,s t,urbine engines a,nd 

ma,inly cons~'ists~･ of a t,wo-unit syStem. 

At, prcsent,, some t,errible indust,rial a,ccidents of plants have happened in Japan, 



4 CHAPTER I . INTRODUCTION 
a,nci c.a,used serious damage anci gl'ea,t losses to a modern society. . Risk management for 

such plants has become more and more important, however, t,heoretical arguments for 

t,hese problems have not been adva,nced sufiicientlv. . The results and techniques showed 

in inspection policies would be usef'ul and helpful for mainta,ining in good condition of 

ma,ny real syst,ems. 

1.2 Technique for Detection of Failure 

It is grea,t important to develop a,dvanced t,echniqueb' for t,he detection of failure. How-

ever, the development and realiza,tion become increa,singly difficult because systems. 

have become la,rger a,nd more complex tha,n e~er before. Act,ua,lly, severa,1 useful meth-

ods t,o detect failures have been proposed: Jha, and Gupta (2003) summarized t,he 

techniques to t,est digita,1 sy. stems in det,a,il. O'Connor (2001) surveyed widely the tech-

nologies related wit,h t,ests for electronic circuits. Lala (2001) summarized fault-tolerant 

desigo'n technique,s with self-checking of digital c,ircuits. 

A simple, inspection lrLethod for sy. stems such as digital circuits is the compa,rison-

checking with output,s of two-unit system. The perfonrra,nce of the sy. stem might not 

degrade, however, it ¥vould be often expensive to configure it. In this case, it is also 

necessary to determine rrLechanically. which units has fa,iled and is det,ac,hed from t,he 

system [Nanya, (1991)]. 

One method to chec:k analogue circuit,s is mainly measurements of pa,rameters such 

as volta,ge, resistance, impeclance, and ,s'o on. The ba,sic a,pproa,ch t,o test cligit,al circuits 

is~' to check ¥vhether output codes for an assumed output, set arc correct, or not. To detect, 

fa,ilures certainly, some codes which are called test pa,tte7'rb should be input,ecl in systems 

'~~1,nd out,put codes are checked direc:tl~, r. However, as the complexit,y of syst,ems' have 

bo'rea,tly, increased, it, ha,s become very. difficult to design the t,est pa,tt,ern to dGtect a,n~_' 



fa,ilure, and moreo¥'er, the time to perform the test has become too long. Other popular 

a,nd simple methods are watch-dog timers and watch-dog processors~', which interrupt 

some signals and check the responses periodically [TOUlrLa (1990), Nanya (1991)]. 

In general, t,he properties of self-checking, which invol¥'es t,hose of fa,ult-secure and 

self-testing, a,re required to design high reliable sys~'tems. Fault-secure means the prop-

ert.~.r t.ha,t, a, fa,iled syst,em outputs either the correct code or codes which are not in a,n 

assumed Out,put, code spa,ce. That is, t,he sy. stem with fa,ult,-se,cure does not output 

incorrect codes ¥vhich a,re not required as the result, of input codes. Self-testing means 

that a, failed s~. 's_'tem outputs codes which are not, in an assumed code space for at 

least one input code, that is~', the system ¥vith self-testing can detect any. failure wit,h-

out, performing ext,ernal inspection. However, t,he realization of perf'ect, design with 

s'elfLc'hecking for complex systems would be impossible [Lala, (2001), O'Connor (2001)] . 

In t,his thesis, we treat some inspect,ion policies for severa,1 systems such as digital 

control devices for ,aircra,ft engines. The inspect,ions wit,h above Inethods for suc.h 

s~.rst,ems are rea,lized as periodic externa,1 inspect,ions with test,er or self-dia,gnosis, a,nd 

it, is necessa,ry. to det,eruline suitable schedule times of inspection. 

1.3 Outllne Of TheSIS 

This ,s_'ection describes the out,line of this t,hesis. This thesis is divicied int,o Int,roduct,ion, 

Cha,pter 2-6, Conclusions and Bibliography.'. 

Cha,pt,er 2 considers~' inspect,ion policies for a t,wo-unit syst,em. The sy. stem firstly 

oper'a,t,es as a, t,~vO-unit system a,nd is checked by. compa,rison-checking. When one 

unit, fails, t,he s~.rstGm opera,tes a,s a, single-unit, sy. st,em a,nd is checked periodica,lly by 

self'-dia,gnosis. W'e int,roduce t¥vo cost,s of one check for a, t,¥vO-unit syst,em a,ncl for a 

s:_'ingle-unit s_'yst,em which a,re not t,he sa,me with ea,ch other. In t,he model, tviro c.;ases of 
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continuous a,nd periodic comparison-checking are adopted, and the self-diagnosis checks 

t,he system periodically. for each cas~'e. The total expected cost a,nd expect,ed cost per 

unit, of time are derived, a,nd optimal inspection interva,Is which minimize t,he expected 

cost per unit, of time are a,na,lyt,ica,lly discussed. Numerical exa,mples a,re presented 

when the failure t,ime of each unit, has a,n exponentia,1 distribut,ion. 

Chapt,er 3 considers inspect,ion policies for a s~.'st,em ¥vit,h self-testing. The s~.rs-

tem wit,h self-t,estino~)' ca,n detect it,s fa,ilure during its･ operat,ing st,at,e without externa,l 

inspect,ion. However, the detection by self-testing might, ha,s t,he latency, i.e., some 

failure,s might not b_ e det,ected rapidly. Therefore, to a,chie¥re a, high reliabilit~=~･, t,he 

sy.. stem should be checked by t,he ext,erna,1 inspect,ion at scheduled times. Thus, if the 

system fa,ils, then its failure is det,ected by self-test,ing or a,t, t.,he next periodic inspec.-

tion, whichever occur flrst. The tota,1 expected cost, a,nd expected cost per unit, of t,ime 

a,re derived, and opthna,1 inspection int,erva,Is which minimize them are 'a,nalytically 

discuss'ed. Numerica,1 examples are presented when t,he failure time has an exponent,ia,l 

distribution. 

Cha,pter 4 considers maintena,nce and inspection policies ~vhen a system has to 

operat,e for a flnite interval. In actua,1 fields, most s~.'stems ha¥re a finite span of their use. 

Using the partition method for this problem, a, finite interva,1 is divided into equal parts 

of ma,intenance or inspection [Na,ka,gawa (2004)] . Optimal policies which minimize the 

expected costs of periodic replacement with minima,1 repair, block repla,cement, simple 

replacement, and inspect,ion policy are derived for a, flnite inter¥ra,1. Furt,her, we sho~v 

how t,o comput,e optimal checking times numerica,lly. whcn t,he fa,ilure time has a, Weibull 

distribut,ion and ga,mma, clistribution. 

Cha,pter 5 considers inspection policies for a, sy. stem whic:h is checked b~.･ t,wo t,ypes 

of inspect,ion: Type-1 inspect,ion has a, Iower cost than that, of t,"¥rpe-2 inspection, a,nd 



t~.･pe-1 inspection checks the system more frequently than type-2 inspect,ion. However, 

there exist some failures which can not be detected by type-1 inspection and can be 

detected only. by type-2 inspection. It is assumed that failures are classifled into two 

cases where they can be detected by. type-1 inspection and not det,ected with certain 

proba,bility. . We derive a,nalytically an optimal number t,o perform type-1 inspection 

until the next type-2 inspection. Finally, numerical examples a,re given when the failure 

time distribution is exponentia,1. 

Cha,pter 6 considers a ieplacement policy for the same inspect,ion model as in Chap-

t,er 5: The system with two types of inspection is repla,ced a,t the specifled number of 

ty. pe-2 inspect,ion. We derive an opt,ima,1 number to perform tv. pe-1 inspection until 

the next, ty. pe-2 inspection. Numerica,1 examples are computed when the failure time 

distribution is exponential. 

Fina,lly. , Chapter 7 srurLmarizes the result deri¥red in this t,hesis. 





Chapter 2 

Optimal Inspection Policies with 
Comparison-Checking for 
a Two-Unit System 

Th,is ch,apter considers opt,imal inspection policies for a two-unit system. First, the 

system is ch,ecked conti7?,uously or period'ically by comparison-checking. When one unit 

fails, t/7,e fo,iled unit is detected by comparison-checking arrd the system operates as a 

s'ingle-un,it system,. Afrer that, the system is cheched periodically by self-diagnosis. The 

total expected cost and expected cost per unit of time are derived, and optimal inspection 

policies wh,ich m'iniTTtize the expected cost per wo,it of ti'me are analytically discussed. 

Num,erical examples are given whe7?, the failure time has a7?, exponential distribution. 

2.1 Introduction 

In t,his.' cha,pter, we con,s'ider optimal inspection policies for a, two-unit system such a,s 

digit,a,1 control devices for a,ircraft engines. It is assumed t,hat the s~.'stem has input 

a,nd Output code,s sequentially. When the sy. stelrL St,a,rts to opera,te, both units are in 

opera,tional sta,te, a,nd their outputs a,re compa,red with each other to det,e,ct its failure 

early. . Tha,t is, t,he sy. stem is checked by comparison-checking, which is commonl~. . used 

9 
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because it,s implemental method is rela,t,ively ea,sy. ~Vhen t,he failure is det,ected by 

comparison-checking, the failed unit is detached and the system operat,es a,s a single-

unit ,s~'ystem. After that., t,he syst,em is checked periodically by self-dia,gnosis. As actua,l 

examples of self-diagnosis, there a,re wat,ch-dog timer? input,ing test, pa,ttern codes, 

met,hods to check the para,meters ,s_ uch a,s volta,ge, resista,nce, impedance, a,ncl so on 

[O'Connor (2001)]. 

W'e. consider t¥vo models of c.omparison-chec.kingo' model: 

( l) Continuous c07Trpa7'ison-ch,ecking model: When the system opera,tes as a, t,wo-

unit system, it is c.hecked continuouslV. by comparison-checking. In other words, t,he 

compa,rison-checking is done for ea,ch output code sequentia,lly. Thus~', incorrect, output 

codes of a, fa,iled unit, can be detect,ed immediately. But, the loss cost, for performing 

the compa,rison-checking increases, beca,use a larger number of c_.ompa,rison-checking 

is executed. Thus, this model should be used in t.he case where high reliability a,nd 

quality. out,puts are a,cquired. 

(2) Periodic comparison-checking model: dne unit (unit A) is connec.ted with the' part 

of output, and t,he dther unit (unit B) operates a,s a standby unit (see Figure 2.1). The 

sy. stem is checked periodically by comparison-checking. It is assumeci for simplicity 

that the interva,Is of comparison-checking for a two-unit system and of periodic self-

diagnosis for a single-unit system a,re the same. In this model, alt,hough the la,t,ency 

time to detect failures of a t,wo-unit system may occur, the system will be a,ble t,o have 

a, suflicient, reliabilit,)_r. 

A tv. pical example for such sys~'t,ems is FADEC (Full-Aut,horit~. ' Digital Eng_'ine Con-

trol): FADEC is a, digita,1 cont,rol unit of gas-turbine engines for s_'~.'s~'tems sl_lch as air-

craft,,s', a,nd in general, consists of as a, two-unit system to re~,quire a hight rclia,bility. R.(,-

cently, FADEC'S a,re used as control units for general industrial gas-t,urbine engine,s~', a,nd 
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input 

unit A 

Comp arator 

output 

¥oL. 

unit B 

Figure 2.1: System wrth two umts 

severa,1 resea,rchers evalua,t,ed the relia,bilit,y and interva,1 of t,heir self-diagnosis [Kodo 

Ito a,nd Nakagawa (2000, 2003), Hjehrrgren et al. (1998), Elks et al. (2000)]. 

It, is supposed t,hat when the failure of a single-unit system is detected and removed, 

the sy 'stem becomes like new ,and starts to operate aga,in as a two-unit system. Fur-

thermore, t,he inspections by comparison-checking and self-diagnosis can detect any 

failure. We obtain the expected costs analytically, and derive the opthnal inspection 

intervals which minimize them. Numerical examples are fina,lly given when the failure 

t,ime has an exponentia,1 distribution. 

2.2 Model and AssumptiOnS 

2.2.1 ContinuouS COmpariSOn-checking mOdel 

Consider a, sy. stem whic.h is conflgured as a two-unit, syst,em whose outputs are checked 

b~. . compa,rison-checking for each processing time. When fa,ilures of the syst,errL occur, 

they can be det,ected immedia,tely by. compa,rison-checking. But, more frequent number 

of comparison-c:hecking increases the loss cost for degradation of sy. stem performance, 

,s"o that,, it shOuld be used only. in the case where high reliability a,nd qua,Iit,y. output a,re 
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For the a,bo¥re model, we define t,he following a,ssumptions: 

(i) When the first, unit fails a,t, time tl ' th~ system is swit,ched to a, single-unit system, 

and t,he next, fa,ilure of t,he ot,her unit occur,s' a,t, t,ime t2. 

(ii) ¥~rhile the syst,em opera,tes as a t¥¥ro-unit system, it, is check'ed continuously. b~. -

compa,rison-checking a,nd ca,n detect any f.a,ilure inst,a,nt,ly. , i.e., any. fa,ilure is dc-

tect,ed a,t time_ tl. When the fa,ilure is detected, t,he fa,iled unit, is det,ached and 

t,he s_yst,em opera,t,es as a, single-unit, system. After t,ha,t, a, s~'ingle-unit, s~'V. st,em is 

chec,ked by self-dia,gnosis at periodic t,imes tl + kT (k 1, 2, . . . ) (see Figure 2.2). 

Any replacement or ma,intena,nce before the cletect,ion of failure is not considered. 

(iii) The fa,ilure time distribution of ea,ch unit has a,n independent, a,nd ident,ica,1 general 

distribution F(t) with finite mean 1/A, where F(t) I - F(t). 

(iv) A cost cd is t,he loss cost per unit of time for the time elapsed bet,ween a, failure 

of a sing'le-unit, sy. st,em a,nd it,s cletection a,t, the next time of in,s'pection, a,nd cr 

is the consta,nt cost for maintenance or replacement? when the ,s'econd failure is 

detect,ed by self-cliagnosis. 

(v) A cost cel Is the loss cost per unit, of t,inre for t,he t,ime elapsed between the begin-

ning of s~'ys~'tem opera,t,ion a,nd the cletection of failure a,t time tl by compa,rison-

checking, and Ci is t,he cost, for one check by.' self-dia,gnosis? where cd/A > c:,,. a,nd 

cd > cel' 

(vi) Aft,er det,ecting the first, fa,ilure of a two-unit, ,s'~. rst,em, the loss cost a,nd t,ime, 

a,nd t,he performa,nce degradation needed to loca,t,e and det,a,ch t,he failed unit, a,re 

negligible. 
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　　　　　Figllre、2．2：Comparison－checkillg　mo（iel　with　each　processillg　time．

　　We（lefille　olle　cyde　as　the　time　from　the　begiming　of　system　operation　to　the

dete（ltion　of　the　second　faihlre．Then，the　mean　time　of　one　cycle　is

2∠○○｛江i〉丁齢＋1）T＋司4咽｝4咽、

一2T∠。。義ア（ηT＋咽孟・）＋∠○。酬孟・・
（2．1）

Furtherシthe　total　expected　cost　of　one　cycle　is

2∠○。［義膿1㌦1孟1＋c乞（π＋1）＋cdkη＋1）T＋孟・一オ2］｝4咽］岬・）＋砺

　　　　　　　　　　　　一2∠。G｛（c乞＋qオT）混（η＋1）［ア（πT＋孟・）一ア（（η＋1）T＋哲1）］

＋ず［（ら1＋Cd）孟1－Cd孟2］dF（孟2）｝ゴF（孟1）＋ら

一2∠。。［（c2＋cdT）》T＋孟1）」cdが酬≠2　・61ア（孟1）］dF（孟1）＋ら・（2・2）

The　reasoll　of　two　times　oll　the　first　terms　in（2．1）alld，（2．2）is　that　either　failure　of

mitlorullit2mayoc（1皿．
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Thus, the expect,ecl cost, C;'c(T) per unit, of time is 

c + 2 [(c? + cdT) ~L F(7?T + t ) cd J F(t2)dt2 + celtlF(tl) dF(tl) 

C,c(T) o n=0 cc' +:x' .,oc' 27' ~ F('n.T + f )dF(f ) + F(t ) dt 

O n=0 ' o (2.3) 

Obviousl~. ', 

C.~(O) Iim Cc(T) oo. (2.4) 
T-o ' 

C~(oo) Iim Cc(T) c(1. (2.5) T-(x) 

Therefore, t,here exist,s an optml ~1 mtel¥ial T' (O < 'T* ~ oc) of inspect,ion ¥vhich 

minimizes C,c(T). 

2.2.2 Periodic comparisOn-checking mOdel 

Considers t,he system whic,h is checked periodically by compa,rison-checking at t,he sa,me 

interva,1 a,s_ t,hat of self-cliagnos~'is. The difference from the pre¥'ious model is t,he interva,l 

of compa,rison-checking for a, two-unit s~. 'stem. In thi,s' model, t,he relia,bility might 

be less t,han the previous moclel because t,he latency to det,ect fa,ilures of a two-unit 

,system occurs) but, the performa,nce degradation due to c,omparison-checking might 

be sma,ller. Genera,ll~..', if tl-ris system ha,s sufficient, relia,bility then it would be more 

re'.tli,s_;tic t,ha,n the pre¥rious moclel. 

For this" model, we define t,he follo¥ving assumptions: 

(i) Both interva,Is of comparison-checking for a, two-unit s~'yst,em and ,s'elf'-dia,gnosis' 

' for a, single-unit sV._ st,em are t,he s_'a,me. Tha,t, is, t,he sy. st,em is check'ecl alwa,~.'s at, 

periodic times k7' (k - 1, 9_, . . . ), irrespect,ive of the number of opera,t,ing unit,s'. 
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(ii) A cost ce2 is the loss cost per unit of time for one check by comparison-checking 

for a, t,~vo-unit system, and ci is the cost for one chec.k by self-dia,gnosis for a, 

sing'le-unit sy. stem. 

(iii) Unit A which is flrst connected to output fa,ils at time ta (O < ta < oo) and unit 

B which is first in standby fails at time tb (O < tb < oo). 

(iv) ~/Iake t,he same assumptions as (iii), (iv) and (vi) in the previous model. 

The total expected cost of one cycle is classifled into t,he following three cases: 

1 ) kT < ta < (k + 1)T < mT < tb ~ (m + 1)T 

Suppose tha,t unit A fa,ils during (kT, (k + l)T] (k O, 1, ' ' ' ) before unit B fails, and 

aft,er t,ha,t, unit B fails during (mT, (m. + 1)T] (m, k + 1, k + 2, . .. . ) (see Figure 2.3). 

Then, the expected cost, of one cycle is 

oc' (m+1)T m-1 (k+1)T 
~ mT [~ {ce2(k+ 1) + ci(m - k) 

In=1 k=0 kT 
+ cd (k + 1)T - t,a + (m + l)T - tblJ }dF(ta)lJ dF(tb). (2.6) .[ 

2 ) kT < tb ~ (k + 1)T ~ mT < ta ~ (m + 1)T 

Suppose t,hat unit, B fails during (kT, (k + 1)T] (k O, l, ' ' ' ) before unit A fa,ils, 

a,nd it is detached f'rom t,he system. Therea,fter, unit, A fails during (mT, (m. + 1)T] 

(77'z. - k + l, k + 2, . . . ) (see Figure 2.4). Then, the expect,ed cost of one cycle is 

~)~ (m+1)T 7n-1 (k+1)T 

l l ~ 7nT {~ [ - k) + cd((m. + l)T - ta)J dF(tb) fdF(ta) ce2(k + 1) + ci(m; 

In'=1 k=0 kT 
(2.7) 

3 ) kT < t(1' tb ~ (k + 1)T 

Suppos~'e t,ha,t both unit,s A a,nd B fa,il cluring (kT, (k + l)T] (k = O, 1,2, ., . ), ancl 

their failures are detected by the next, compa,rison-checking (see Figure 2.~r). Then, t,h~ 
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I companson mspectron D Self diagnosis X failure 

Figure 2.3: Ca,se I of periodic comparison-checking 
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T 2T (k+ 1)T (m+ 1)T 
Figure 9-.4: Ca,se 9- of periodic: comparison-checking 
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Frgule 2.5: Ca,se_ 3 of periodic compa,rison-checking 
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expected（〕ost　o：f　one　cycle　is

離㌦（た＋1）＋cd（（κ＋1）T一㌔）］［F（（た＋1）T）一F（んT）］　）・（Z8）

　　Thusラthe　total　expected，cost　of　one　cycle　i＄obtailled，by　sum±ning　equations（2．6），

（2．7）我11d（2．8），al1（l　by毎dd，ing　the　maintellance　cost　cγas　follows（see　AiPPelld，ix2．1）：

　　　　　　　　　　　　　　　　　のの　　　　　　　　　　　　　　　　のの

　　　　　　　　　c．＋（c．2－c乞）Σア（mT）2＋c乞Σ［1－F（mT）2］

　　　　　　　　　　　　　　　　　・ηつ、＝＝0　　　　　　　　　　　　　　η傷＝＝0

　　　　　　　　　　　＋Cd義［1＋F（mT）］鴻贋＋1）IF（孟）一F（mT）］4孟・一（2・9）

Si・nilar1瀕themeanlime・f・ne－cycleis　　　　．

　　　　　　　　創＋1）T［都＋1）lm＋1）卿1礁）4

　　　　　　　　　　潔＋1）ぞた＋1）咽（κ＋1）少）一咽］礁）

　　　　　　　　　　　　　　　　　　　　　　　　　　　　し　
　　　　　　　　　一丁［2Σア（mT）一Σア（mT）2］

　　　　　　　　　　　　mニO　　　　　　　m＝：0

　　　　　　　　　　　　
　　　　　　　　　一丁Σ［1－F（mT）2］・　　　　　　　　（2・10）
　　　　　　　　　　　7η＝O

　　Thus，the　expected，cost　qρ（T）per　ullit　of　time　is，from（2．9）and（2．10）り

　　　　　　　　　　　　　　　　　　のの　　　　　　　　　　　　　　　　　のの
　　　　　　　　　　　c．＋（c．2一・ぎ）Σア（mT）2＋c2Σ⊃［1－F（mT）2］

　　　　　　　　　　　　　　　　　　マれのニニむ　　　　　　　　　　　　　　ママヱニニむ

　　　　　　　　　　　＋・ど急［脚）］∠ll＋1）T［F（孟）一F（　）］認

　　　　　q，，（T）＝　　　　　　　　　　　　㏄　　　　　　　　　　　　　　　　　　．　　　　（2．11）

　　　　　　　　　　　　　　　　　　TΣ11－F（7ηT）2］

　　　　　　　　　　　　　　　　　　　　7η＝0
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ObviOUsly，

　　　　　　　　　　　　　．ら（・）融。ら（7）一・・，．・、　1（2・12）

　　　　　　　　　　　　ら（・・）≡1imら（T）一c，オ．　　　　（2．13）
　　　　　　　　　　　　　　　　　T一→Oo

Theref・re，thereexistsan・ptimalse1套（1iagn・sisinterva1男1（0＜71ず≦・・）・伽specti・n

which　millimizes（ろ（T）．

2．3　0ptimal　Inspection　Policy

2．3．1　Continuous　comparison－checking　model

Consid．er　the（〕011tilluous　coml）arisol1一（lheckillg　whell　the　failure　tilne　of　each　ullit　has

anexp・nentialdistributi・nF（孟）一1一ε一λf．Then，thet・talexl）じcted（！（）st・f・necycle

in（2．3）is　rewrittell　as

2ず［（cゼ＋qzT）義ε一λ（一・）一C染一λ臨・副λε一λh4孟1＋砺

　　　　　　　　．一・く1－1一λT〉＋Cd（1一釜一λT－1）＋駅†ら・（2・14）

The　meεm　time　of　one　cycle　i11（2．1）is

　　　　　　T∠。。義2λε一λ＠T＋2h）dオ1＋∠％一一4オ1一篭1λT＋歩・P（2・15）

Thus，the　expected　cost　Oc（T）p¢r　tmit　ofもime　is

　　　　　　　　　　　　　　2λc乞一（3c‘置一2λcγ一c，1）（1－e一λT）

　　　　　　　　Oc（T）＝Cd＋、　2λT＋1一ε一λT　・　・（2・16）

　鴨Hn（lal1・ptimalsel套（liagn？sisinterval穿whi（lhminimizestheexl）ecte（1c・st

（フ，，（T）。Differelltiatillg（∫アc（T）with　resI）ect　to　T　al1（l　puttillg　it　e（1ual　to　O，we　ha，ve

　　　　　　（9・d－2λcr－ce1）1一（’＋ぞT）ε一λT＋・ε（1一ε一λT）一3・¢．，（2．17）
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Letting denote the left-hand side of (2.17) by Qc(T) , 

Qc(O) - ITh_.~no Qc(T) O, (2.18) 
3cd - 2Ac7' - cel 

Qc(oo) ;i._,n~100 Qc(T) - A (2.19) + ci, 

Q/ (T) Ae~AT (3cd - 2AC cel)T + ci] . 

It can be easily proved tha,t Qc(T) is strictly increasing from O to Qc(oo) from the 

a,ssumptions of c.'d/A > cr and cd > cel' 

Therefore, we have the following optimal policy: 

(i) If (3cd - 2Acr ~ cel) > 2Aci then t,here exists a finite and unique 7~ (O < T~ < cc)) 

which satis~'fies (2. 17) . 

(ii) If (3cd - 2Ac7' - cel) ~ 2Aci then T~ oo, i.e., no perrodrc mspection should be 

macle and Cc(oo) cd. 

In general, since cd/A > cl' + ci, ca,se (ii) will not occur m practrce 

2.3.2 PeriOdic cOmparisOn-CheCking mOdel 

Consider the periodic comparison-checking when the failure time of ea,ch unit ha,s an 

exponential dist,ribution F(t) I e~At. Then, the total expected cost in (2.9) is 

re¥vrit,ten a,s' 

c + (c 2 - c,i) ~ -' i ~; (2e~A7nT e OAmT e 2AmT + c.' - ~~ ) 

m=0 In=0 (In+ 1)T oc' 

~L(2 ~ e~A'mT) + ccl (e~AmT _ e~At) dt 
n ?' T 

n'=0 

Ce2 + 9-Cie~AT + ccl[T(1 + 2e~AT) - (1 + e~AT - 2e~2AT)/A] . (9_.9_1) 

= c:1' + _ I - e~2AT 
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The mean t,ime in (9-.lO) is re¥¥1rtten as 

T 2e AlnT e 2AmT T I + 2e (2.29_) ~( - - -' ) 
m=0 1 - c~ ' 

2AT 

Thus, the expect,ed cost CI'(T) per unit of time is 

Cp(T) - Cd + Ce2 + 2c e AT + c (1 - e~2AT) - ccl(1 + e'~AT - - ~ 9e 2¥T)/A. (2.23) 

T(1 + 2C~AT) 

Difl'erent,iat,ing t,he expected cost. C1)(T) ¥vit,h respect to T and putt,ing it equal t,o O, we 

obta,in 

4ce2(1 - c~ ') + (4ci + 9-cl'ATe~AT)(1 - e~2AT) A7 

'i~Ce2)+ c_Ad (1 + 2e~Ar)2 [1 - (1 + AT)e~AT] 

c (1 ~ 2c AT)[1 (1 + 2AT)e 2AT] Cc:i + 3ce9-' (2.24) 

Lett,ing denote the left,-ha,nd side of (2.9_4) by. QI)(T) , 

1 
(2.26) ' , QP(oc) 6ci + 9-Ce2 + ~cd - C1" 

Thus, if cd/A > ce2 + c.'7' then there exists exists a, flnit,e '1~ (O < Tp* < oo) which sa,tisfies 

(2.24). ' 

2.4 Numerical EXampleS 

¥~fe comput,e numericall~. ' opt,imal int,er¥'a,Is which minimize the expect,ed costs per unit 

of t,ime for each model. First,, we cons_'ider the cont,inuous compa,ris'on-c'hecking and cal-

cula,t,e the opt,ima,1 interva,1 7'c~. Sec:ond, ¥¥re consicler t,he periodic c:omparison-c:hecking 

and c'alculate the optima,1 interva,1 Tp'. All costs alt nolmalized to ( as a umt ( ost 

'i. e., they a,re clivided by c:i. 
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Ta. ,ble 2.1: Optimal diagnosis int,erval AT:~ x 105 

model for cd/(ACi) a,nd cr/ci When cel/(Aci) 105. 
of continuous compa,rison-checking 

cd/(Aci) x 10-7 
cr / ci x 10-5 

l 5 l O 

Table 2.1 gives AT~ x 105 which minimizes the expected cost Cc(T) and satisfies 

(2.17) for cl'/ci X 10-5 1, 5, 10 and cd/(Aci) x l0-7 l, 2, 3, 4, 5, 6, 7, 8, 9, 10 when 

cel/(Aci) 105. It is showh that AT~ decreases as cd/(Aci) increases, and increases as 

Cr/ci increa,ses. This indicates, when the failure rat,e A of each unit a,nd the loss cost 

cd -increase, T~ decreases, i.e., it is better to detect failures as early as possible. For 

1, optimal ATc' x 105 44.95. That - I and cr/ci X 10-5 example, cd/(Aci) x 10-7 

is, when the mean time of each unit is 1/A 3 x 104 hours (approximately 3.5 years), 

cel/ci 1/3 x 10, Cd/ci l/3 x 103 and cr/ci l05, opt,imal interval T~ is about 13.49 

hours . 

Ta,]~)1e 2.2 gives ATp* x 105 which minimizes the expected cost Cp(T) and satisfles 

(2.24) for cl'/ci X 10-5 1, 5, 10 and cd/(Aci) x 10-7 l, 2, 3, 4, 5, 6, 7, 8, 9, 10 when 

Ce2lci = 10 This mdicates that ATI) mcleases as cd/(Ac ) mcreases This shows the 

similar tendencies as the continuous comparison-checking model in Table 2.1. 

Table 2 3 presents ATp* x 105 which Ininimizes t,he expected cost Cp(T) a,nd satisfies 
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Table 2.2: Optimal interva,1 ATp* x 

cd/(Aci) and cr/ci When ce2/ci 0.1. 

CHAPTER 2. 

105 of periodic 

COA'I PARI SON- CHE CK'I NG 

cculLparison-checking model for 

cd/(Aci) x 10-~/ 
cr/ci X l0-5 

1 5 10 

Ta,ble 2.3: Optimal interval ATp' x 105 of periodic comparison-checking model for ce2/ci 

and cd/(Aci) when cl'/ci 5 x 105. 

(2.24) for ce2/ci = 0.01, 0.05, 0.1, 0.5 and cd/(Aci) x 10-7 1, 5, 10 when cr/ci -

5 x 105. This indicates t,ha,t ATp mcreases as ce2/ci increa,ses. Thus, if the cost, ce2lci 

of comparison-checking is higher, it would be better to make its int,erval larger. 

2 . 5 COncluSiOnS 

This chapter has considered a, t,wo-unit sy. stem which is checked by. comparison-chGCking 

when it opera,t,es a,s a two-unit sy. stem, and by. self-diagnosis a,ft,er it'is swit,ched t,o 



a smbcrle-unit system. We have considered two models of cont,inuous and periodic 

comparison-checking. First, the total expected cost of one cycle and the expected 

cost per unit of time have been analytically derived. Then, when the failure of ea,ch 

unit, has a,n exponentia,1 distribution, we have obtained the expected costs and derived 

the optimal int,erva,Is of inspection which minimize the expected cost,s. It ha,s been 

shovl;'n in numerical exa,mples that, the optimal interval is grea.tly a,ffe.cted by. the loss 

cost, for t,he t,ime elapsed between a, failure and its detection. 

The studies of reliability and inspection for high reliable systems become more im-

port,a,nt, subjects in real industries as systems become more cQmplex and large. Further 

st,udies from such viewpoints a,re desirable, together with estimations of parameters for 

act,ua,1 syst,elns. 
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Appendix2．1

Derivation　of　equation（2．9）

The　expected　costs　in（2。6）ラ・（2．7）al1（1（2．8）are　calcula，te（l　for　each　coef丑ciellt　of　c6sts：

First，the　term　of　cθ2is

2潔騨［慧∠罪1）ゴ帥F（砺）＋書群1）［脚）T）一F（ん咽妬）

　　　　　　　　　　　　の　
　　　　　　　　　　＝暑（κ＋1）ア（（κ＋1）丁伽）一ア（（た＋1）T）］

　　　　　　　　　　　　　　
　　　　　　　　　　　＋Σ（煙）取丁）［熱丁）一ア（（入・＋1）T）］

　　　　　　　　　　　　謡＝o

　　　　　　　　　　一Σ⊃ア（κT）2・　　　　　　　　（A・1）
　　　　　　　　　　　人1＝O

Se（〕ond，the　ternl　of　c乞is

　　　　　　轄＋1）T［都蘇）4F（ち）］燗

　　　　　　　　曾，OG
　　　　　　－2Σン降丁）一ア（（ん＋1）T）］［1一ア（んT）一ア（（ん＋1）T）］

　　　　　　　　ん二〇

　　　　　　一2Σ［ア（んT）一ア（κT）2］・　　　　　　　　（A．2）

　　　　　　　　ん＝O

Fillally，the　term　of　cd　is　the　sum　of　the　followiIlg　three　eq．uation：

　　　　　　　　　書［ア（κT）一ア（（ん＋1）T）］∠1ん＋i　＋1）T一岬）

　　　　　　　　　　＋2議F（7ηT）∠lll㌦＋1）T一岬）

　　　　　　　　　　＋書ア（（ん＋i）T）∠1＋1）T［（ん＋1）T一岬）

’
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　　　　　　　　　　　　一識［1＋F（叩丁）1∠r＋1）1（m＋・）T一岬）

　　　　　　　　　　　　一議［1＋F（　）］∠『＋1）IF（孟）一F（　）14孟・　（ん3）

By　summing（Aユ），（A．2）alld（A．3）alld，adding　the　maintellance　cost　o，・，the　total

expected　cost　o：f　olle　cycle　is

　　　　　　　　　　　　　　　　　　　　　のの　　　　　　　　　　　　　　　　　　　のの

　　　　　　　　　　　c．＋（c．2一・乞）Σア（mT）2＋・乞Σ［1－F（η乙丁）2］

　　　　　　　　　　　　　　　　　　　　mニO　　　　　　　　　　　m＝0

　　　　　　　　　　　　　＋・d蕪［1＋F（mT）］煮夢＋1）㍗（孟）一F（　）］4五





Chapter 3 

Optimal Periodic Inspection 
Policies for a Systein with 

Self-Testing 

This chapte7' corl,siders optimal inspecti07?, policies for a system with self-testing: The 

system, with self-testing can detect any failure with,out perf07'ming exterr7,al inspection. 

However, some failures might not be detected rapidly. Therefore, it would be necessary 

to perform the inspection periodically. The total expected cost and expected cost per 

url,it of tirrbe are obtained. and opti7rbal policies w/~ich m,inimize them are analytically 

deri'ved. Numerical examples are giver2, when th,e failure time is exponential. 

3.1 Introduction 

¥Ve consider a s~. 'stem such a,s digita,1 control devices for aircra,ft engines which have 

sequent,ia,1 input, a,nd output, codes. ¥1V~e. suppose t,hat the syst,em ha,s t,he property of 

,s.'elf-t,esting: If t,he sy. ,s'te.. m ha,s at least one input code which gi¥res some output codes in 

out,sidG of an assumed output code space, ~vhen there exist, any failure in an assumecl 

fa,ilure set, t,hen the sys_'tem ha,s t,he property of self-testing. Therefore, any fa,ilure in 

a failure ,s'et, can be detected without external inspection by checking, whichever the 

9~7 
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output cbdes are in an a,ssumed spac:e or not. Thus, the s~. 'stem wit,h self-testing ca,n 

detect a,ny fa,ilure during the normal ope;ration [La,la, (2001)]. 

+ 

However, ev'en if the syst,em has input codes to det,ect some fa,ilures, t,hey lrLight, 

not be rea,dily inputed t,o t,he sy. st,em. Therefore, some fa,ilures might not, be detected 

rapidly. b~.. self-testing. Hence, to det,ect fa,ilures ea,rly. and surely, it, would be necess'ary 

to perform external inspection such as inputting a set, of test, c9des at, periodic times. 

In this case, if the s~.rst,em fa,ils, t,hen it,s fa,ilure is det,ected b~. ･ self-t,esting or the next 

periodic inspection, ¥vhic,hever occur first. However, it, mig;･ht, incur much loss cost, 

t,o perform perioclic inspection s_o frequently. [O'Connor (2001), Savir et al. (1984a,, 

1984b), Shedlet,sky. and ~4cClus~'kev.' (1975a,, 197,5b), parker a,nd McCluskeV. (1975)]. 

In genera,1, t,o design high relia,ble systems it, is~' required to improve the property of 

,s'elf-checking, where t,he self-checking in¥'ol¥res properties of fa,ult-secure and s~'elf-test,ing. 

Fa,ult,-secure mea,ns,~_..' t,he property t,ha,t a, fa,iled sy._ st,em out,put,s either correct, codes or 

codes which is not in a,n assumed output, code spa,ce. Tha,t, is,_ , t,he s~, rst,em with fa,ult,-

secure does not output, codes which a,re in an assmned c',ode space and incorrect, for 

t,he result, of input codes. In t,his cha,pt,er, we consider only t,he propert,y. of ~~'elf-testing 

a,nd do not, cons_'ider t,he propert,y of self-checking, 1.)ecause ¥ve ¥va,nt, t,o form stocha,s't,ic.t 

models from the ¥'iewpoint tha,t, the sv.~stem can detect failures~' bv. it,self without external 

inspect,ion, a,nd fault,-secure hab' no relat,ion with these models [Lala, (2001)]. 

In this chapter, it, is a,ssumed that t,he time from thr･-~ oc:c,urrenc(~ of fa,ilure t,o it,s 

det,ect,ion b~. . s~'elf-t,esting ha,,s a, proba,bilit,y. distribut,ion [Sa,¥rir et al. (1984a,, 1984b)]. 

When fa,ilures a,r'e detect,ed, t,he s~. 'stem be,comes like new a,nd s~'t,a,rt,s' t,o opera,te a,ga,in. 

Then, introclucinbo' t,he loss co,st, for t,he time elaps~'ed bet¥veen a fa,ilure a,nd its_' detection, 

t.he t,ota,1 expectecl cost until t,he det,ection of fa,ilure is obta,ine_,d. Opt,imal intervals_' of 

periodic inspections",vhich minimize t,he tota,1 expected co,s't, a,nd t,he expect,ed cos_'t per 
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Figure 3.1: Syst,em with self-testing. . 

unit of time are analytically derived, using the self-detection rate. It, is of great interest 

tha,t t,he self-detection rat,e plays an hrLportant role f'or analy. zing such optimal policies. 

Further, we consider the case where there exist sorrLe failures which can not be detected 

by self-testing wit,h probability p. Finally, nurnerical examples are given when both 

times of f.a,ilure a,nd its detection by self-testing a,re exponential. Moreover, w~ treat 

a, sequential inspection policy where inspec.tion times are not periodic and ma,de at 

successive times. 

3.2 MOdel and AsSumptiOns 

3.2.1 Periodic inSpectiOn model 

Consider periodic inspection policies for a system with self-testing, which can detect 

any fa,ilure. For t,his model, we define the following a,ssumptions: 

(i) The s~.'st,em is checked a,t, periodic thrres kT (k - l, 2, . . . ) by inspection. Thus, 

~¥'hen t,he s~.'stem fa,ils, its failure will be det,ect,ed by. self-testing or at the next, 
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periodic inspection, whichever occurs first. 

(ii) The failure thlLe distribution has a general distribut,ion F(t) with finite mean 

l/A, where F(t) _ I - F(t). 

(iii) If we do not consider the detect,ion of failure by periodic inspection, then the thne 

from a failure to its detection by self-testing has a general distribution G(x) with 

mean 1/p, (/~ > A), independent of the failure time, where l//L might be infinity. 

(iv) A cost ci is the cost for one check by periodic inspection, a,nd cd is the loss cost 

per unit of time for the time elapsed between a failure and its detection by self-

testing or periodic inspection, whichever occurs first. A cost cl' is the replacement 

or maintena,nce cost for a fa.iled system. 

Figure 3.2 shows the processes of the system with self-testing: The horizontal axises 

present the process of thne. This system is checked at periodic times kT (k - 1, 2, . . . ) 

by inspection, which incurs the loss cost ci for every one check. When the system 

fails a,t time t (kT < t ~ (k + 1)T), the upper side shows the case where its failure 

is detected at time t + x (< (k + 1)T) by self-testing, and the lower side shows the 

case where its failure is detected at thrre (k + l)T before t,he self-test,ing by periodic 

inspection, i.e., (k + 1)T < t + x. 

We define one cycle as the tiure from the beginriing of sy. stem operation to the 

det,ection of its failure. Then, the mea,n t,hrre of one cycle' is 

oo (k+1)T (k+1)T-t 
A(T) = ~ (t + x) dG(x) + (k + l)TG((k + 1)T - t) dF(t) 

k=0 kT O 
1 oo T ~ F(hT) - F((k + 1)T - x)J G(x) dx, [ 

k=0 O 
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　　　　　　　　　Fig皿e3．2：Processes　of　system宙ith　self』testing．

where，ill　general，Φ（孟）≡…1一Φ（孟）．In　a　similar　way，the　total　expected　cost　of　one

cycle　is　given　by

　　　　B（T）一潔＋1）T［∠（ん＋1）Tマ　dz脚

　　　　　　　　＋｛c乞（ん＋1）＋・d［（κ＋1）Tr孟1｝否（（ん＋1）T一孟）］鋤＋窃

　　　　　　　一c書｛ア（んT）一∠T［ア（κT）一ア（（κ＋1）T一詔）］　｝

　　　　　　　　＋潔［ア（やT）一ア（（κ＋1）T一灘）1轍砺・（32）

It　is　evident　that

　　　　　　　　　　　　　　B（0）…≡1imβ（T）＝・・，
　　　　　　　　　　　　　　　　　　T一→O

　　　　　　　　　　　　　　　　　　　　　　　　Cd　　　　　　　　　　　　　B（・・）…≡1imB（T）ニー＋c，．
　　　　　　　　　　　　　　　　　　T→oo　　　　μ

Thus，there　exists　an　optimal　time　T＊（0＜T＊≦○○）which　millilhizes13（T）．
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In pal ticulal when ('(~ ) 1, i.e., a,ny. failure is detected only by periodic inspec-

tlon equations (3.1) and (3._9) are simplified as 

oc 

A(T) T ~L F(kT) , 

k=0 

oo 
cd ~(T) (cl + cdT) ~~L F(kT) - A + cr' 

k=0 

which a,gree with the results of the simple periodic inspection policy [Ba,rlo¥v and 

Proscha,n (1965)]. 

Therefore, t,he expected cost per unit of time is, from (3.1) and (3.2)? 

C(T) B(T) 
A(T) 

Ci F(kT) - o [F(kT) - F((k + 1)T - x)] dG(x) - Cd 

~ A + cr 

Cd + k=0 oo 
~ 7 [F(kT) F((k + l)T x)]G(c) dx + 1/A 

k=0 O 
(3.3) 

Evidently, 

C(O) 1~n_>l~o C(T) oo, 

cdl/J; + c7' 

C(oo) ;1_.moc C(T) l/A + 1111 

Thus, there exists an optima,1 t,ime T' (O < T < oo) ~vhich mmmuzes C(T) 

3.2.2 Sequential inspectiOn model 

Consider t.he sequential inspect,ion policV,_~ for a, system wit,h self-t,es_ting, where intervals 

of inspection a,re not, periodic. For t,his model, we deflne t,he following a,ss~'umpt,ions: 
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(i) The s~_'stem is checked at successi¥'e times Tk (k l, 9_, . . . ) , where To O. Thus, 

¥vhen the s~.'stem fa,ils, its failure will be det,ected by. self-testing or a_ t t,he next 

inspect,ion, whichever occurs first. 

(ii) A cost, Ci is t,he cost for one check at times Tk (k l, 2, . . . ) by inspection, and 

cd is the loss cost per unit of time for the time ela,psed bet,ween a failure and its 

detection at the next checking time, a,nd cr is the repla,cement or mainten~nce 

cost for a, failed system. 

(iii) ~/Iake the same assumpt,ions as (ii) a,nd (iii) of the previous model. 

Then, in a, ,s_ imila,r way. of obta,ining (3.3), the expected cost of one cycle is given by 

C(TI "T_), . . . ) 

oc 'rk+1~t Tk+1 
~ . o (cik+cdx)dG(x) + [ci(k + 1) + cd(Tk+1 t)]G(Tk+1 t) dF(t) 
A.=0 7k 

oo Tk~_1 _Tls ~ F(Tk) ci [F(Tk) - F(Tk+1 ~ x)]dG(a ) 
k=0 

oo Tk+1~Tk 

~ [F(Tk) - F(Tk+1 ~ x)]G(r)dx 

k=0 O 

3.3 Optimal InSpection Policy 

3.3.1 Optimal policy fOr total expected coSt 

¥~,'c' seek an opt,imal time T* which mininiizes t,he t,ota,1 expected cost B(T) in (3.9-), 

when t,he fa,ilure time is' exponentia,1, i,e., F(t) I - e At Then the total expected 

co~;'t B(T) is rewritt,en a,s~' 

j3~(T) = Ci I - (1 e A(z x))dG(~) +cd o (1-e~A(T~x))G(x)dx + cl" (3,0r) 

1 - e~AT 
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Figure 3.3: Rela,t,ionship between self-det,ection ra,te d(7') and function Q1(T). 

Differentiat,ing B(T) with respect, to T a,nd putting it equal t,o zero, we have 

Cd (e¥a 1)G(~t ) d~ c (eAx _ 1) dG(x) - ci. (3.6) 

Lett,ing denote the left-ha,nd side of (3.6) by. Q1(T), 

Q1 (O) ITh_+T~ Q1 (T) O, 

(eAa 1)G(~ ) d~ - ci (eAx _ l) dG(x), Q1 (oo) ;i_.moo Q1 (T) Cd ' 

)a ~ J AT Cd d(T) Q1(T) - (e 1)G(T)( 
Ci 

where d(t) g(t)/G(t) a,ncl g(t) is a, density. of G, and d(t) clt represents the probability 

t,ha,t when t,he system has failed, its fa,ilure will be detect,ed during (t, t + dt) b~.' self-

testing. W'e ca,ll d(t) se7.f-detection 7~te. It would be pract,ically est,iula,ted tha,t d(t) 

is decreas~'inbo'. In this c'a,se, if d(T) ~ Cd/ci then Q1(T) dGcreases, and convers_'ely. , if 

d(T) < cd/cl then Q1(T) increases (see Figure 3.3). 

Therefore, ~ve ha,ve t,he followingo' opt,hna,1 policy when d(t) is decrea,sing: 
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(i) If Q1(oo) > ci then there exists a flnite and unique T* (O < T' < oo) which 

satisfies (3.6). 

(ii) If Ql(oo) ~ ci then T' oo. 

It is noted that if there exists a solution T to satisfy d(T) cd/ci then T* > T. 

, '. ., d(t) kt, equation (3.6) is In pa,rticular, when G(x) I - e~'lx (kb > A) z e 

rewritten as 

1 - e~('l~A)T I - e~'hT 
(Cd - /hc ) c.i . 

ll 

Lett,ing 

l - e~(P'~A)T I - e~p'T 

L(T) /1 - A ~ /h ' 

it, is_' strictly incrcasing from O to A/[lh(p; - A)] . Therefore, we have the following optimal 

policy: 

(i) If Acdlp;2 > ci then there exists a finite unique T' (O < T' < oo) which satisfles 

(3.7). 

(ii) if Ac(1111,2 ~ ci t,hen T' . oo 

Furt,hermore, ~ve consider the case. where there exist some failures which can not 

be detected by self-testing. That is, some failures, which a,re not in an a,ssumed set 

detect,ed b~.. self-testing, might occur. In the design of a complex sy. stem, it would be 

difiicult to design a, system which can detec.t any failure. Therefore, it is rea,listic to 

de,s'igo'n a system whic,h have priority over high detection ra,te at early. times more tha,n 

the propert,y t,o de~ec;t any fa,ilure. It is assumed that p (O < p < l) is~' probability 

t,ha,t, the failure c'an be detected by self-testing. On the other hand, q ~ I - p is 

proba,bilit,~.. tha,t it can not be detected by self-testing, i.e., it can be detect,ed only 
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by periodic inspect,ion. From, the a,bove discussions, it is rea,s ona,ble t,o assume that 

G(x) p(1 - e~'1x), a,nd hence the self dete(tion late Is gn;en by 

Plle~1!x 
d(x) cl + pe~/1x ' 

which is a decreasing funct,ion from p/1, t,o O. If p I t,hen this model corresponds 

t,o t,he case where G(x) is a standard exponential distribut,ion, a,nd if p O then this 

model corresponds t,o only t,he periodic inspect,ion one. 

In this case, equa,tion (3.6) is rewritten by 

l - e~(p~A)r I - e~'1T cd Ar 
P(cd P'Ci) /1, - A ~ + q A (e - AT 1) c (3 8) 

T 

Lett,ing denote t,he left-hancl s'ide of (3.8) b¥. ' Q2(T), 

Q2 (eo) ;in~oc Q2 (T) oo, 

AT Q~(T) (e - - 1)[(Cd /1c )e /1T + q(d] 

Thus, if cd//1 > ci t,hen Q~(T) > o, and hence, Q2(7') increases strictlv._ from O to oo. 

Therefore, there exists a, finit,e and unique T' (O < T* < oo) which sa,t,is-'fles (3.8). 

3.3.2 Optimal pOlicy for eXpected coSt per unit Of time 

Con,~_'ider the problem of minimizing the expec:ted cost C(T) in (3.3). In part,icular. 

when F(t) I - e_.~At, the expected cost, is~' 

' ( ci I ' - - c,) (1 - e~A7') C(T) = c:d+ ~ o (1 - c~A(T~x))dG(~:) . (3.0) A 

T(1 e A(T x))G(c)dx + ~(1 - e~A7') 
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Differentia,ting C(T) with respect to T and putting it equal to zero, 

(c(1 - AC7') (eAx _ 1)G(x) dx ci (eAx _ 1) dG(x) + AeAxG(x) dx 

T 
H~ AeAx dG(x) (1 - e~A(T~x))G(x) dx - AeAxG'(x) dx (1 - e~A(T~x)) dG(x) 

Lett,ing denote the left,-hand side of Q3(T), 

Q3 (O) ITh_>1~o Q3 (T) O, 

Q3 (oo) ;imoo Q3 (T) 

(c,1 - Ac,.) o (eAx 1)G(x) dx c (eAx 1)dG(x) + - eAX dG(x) , 

Cd - Ac. A Q~(T) (eAT - 1)G(T)ci - I - e~AT 7 - d(T) 
Ci 

T foT(1 - e~A(T~x)) dG(x) d(T) + AeATG(T)C (1 e A(T x))G(x)dx foT(1 - e~A(T~x))G(x)dx 

When t,he self-detection rate d(t) is decreasing, i.e., d(T) ~ 9(x)/G(x) for O ~ x ~ 

T, we ha,ve 

foT(1 - e~A(T~x)) dG(x) ~ d(T). (3.11) 
foT(1 - e~A(T~x))G(x) dx 

Thus, Q3(T) decreases at, flrst, and after that, increases to Q3(oo). Theref'ore, if 

Q3(oo) > ci then there exists a finite and unique T' (O < T' < oo) which minimizes 

C (T) . 

In paltlc:ula,r, when G(x) I - e~ux, equa,tion (3.10) is rewritten as 

(Cd - Acr ~ /1c ) I - e~(kL~A)T I - e~/1T _ c A(1 - e~(p~A)T) . (3.12) 
c 

' z ~ - A ~ Z /1, - A i p; 
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Further, if 1/// -~ oo t,hen equat,ion is simplifled a,s 

(cd - Acr) I - (1 + AT)e~AT (3.13) 
c 

Let denote t,he left,-hand sicle of (3.12) b~.' Q4(T) . Then, we have 

A 
Q (oo) ;1_>mooQ4(T) (cd Ac - /1,ci)kt(/L - A) ' 

Q~(T) e~(u~A)T[(Cd - Acr ~ /hci)(1 - e~AT) - Aci]. 

Thus, Q4(T) st,a,rt,s from O a,nd decreas~'es for a while, and a,ft,er that., increa,ses strict,ly 

t,o Q4(oo) f'or cd - Acr ~ p;ci > O. 

Theref'ore, we have t,he opt,im.a,1 polic~.': 

(iii) If (cd - Ac7' - fl'ci){A/[/L(/L - A)]} > ci then t,here exists a. flnite and unique T' 

which s_ a,tisfles (3. 12). 

(iv) If (cd - Acl' - /Lci){A/[p;(/1 - A)]} ~ ci then T' - oo. 

Furthermore, ¥ve c,onsider t,he ca,se where G(x) p(1 - e~1lx) (O < p < 1). Then, 

t,he expect,e..,d c:ost C(T) in (3.3) is 

1 - (;'~-pT e~AT - c~(11-A)T 
ci I - /1p p, /1 - A ~ ( ~ ' )(1 - e~A7') cd ' c7' 

A 
C(T) I - e~ktT I - e~AT e~AT - e~(p'~A)T + c(i 

p /1, /1, - A + qT + A 
(3. 14) 

Equation (3.lO) is 

1 - e~(P~A)T I - e~11'T p (cd AC 11,ci) p, - A ~ , /1C AA (1 c~(u~A)r) 
p 

cd - Ac AT AT + q 7' (e - AT - 1) - ci(e - 1) 
A 

A/1T . AT (1 e (/J A)T) _ (e - 1)(1 e 11J) (3.lor) Pq /1, - A ~ 
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Letting denote the left-hand side of (3.15) by Q5(T), we have 

Q5 (oo) ;i_,moc Q5 (T) 

1 1 A ci P (Cd Ac /1ci) /1 - A ~ /1 /h - A 

+ ;i__>n?ec' cl cd - A(cl' + qci) (eAT 1) cd Acr + A/rpci T 

Thercfore, if cd - A(cr + qci) > O then Q5(oo) oo and there exist,s optimal T' 

(O < T' < oo) which minimizes C(T). Obviously, if A(cd - Acr ~ /1ci)/~2 > ci then 

Cd - A(C1' + qci) > O. 

3.3.3 Optimal policy fOr Sequential inSpectiOn 

Con,s'ider the problem of minimizing the expected cost C(T1' T2, ' ' ' ) in (3.4). Differ-

entia,ting with 'rk and put,ting it to zero, we have 

Tk+1 A G(x)dl+:dG(Tk+1 ~Tk,) 

Tk-Tk-1 Tk-Tk-l 1 c' f (Tk - x)dG(x) (k l, 2, . . . ) = f(TA,) o f(Tk - x)G(x)dx - Cd O 

(3.16) 

iNote that if G(:1:) 1, i. e., t,he fa,ilure ca,n not be detected bv. self-testing, then equa,tion 

(3.lC) is rewritt,en a,,s' 

. F(Tk) - F(Tk_1) _ ci 
TA*+1 7 

~ k f(Tk) ' c (t 

¥vhic:]1 agrees' ¥vith t,he result of standa,rd inspection policy. [Ba,rlow a,nd Prob~c:ha,n 

( 1 9G5)] . 
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In particular, when F(t) I - e At equatron (3 16) Is 

Tk'+1~Tk G(x)dx + :dG(Tk+1 ~ Tk) 

o 

Tk-Tk-1 Tk-Tk-l eAxG(x)dx - c' (3.17) eAxdG(x) (k 1, 2, . . . ). 

cd O 

Then, TA~ kT1* (k - 1, 2, . . . ) is shown in Appendix 3.1. That, is, ¥vhen t,he fa,ilure 

time has a,n exponential distribution, we should c.heck the syst,em b~. ' Periodic inspection. 

The reason is t,hat when the. fa,ilure tirrLe has an exponentia,1 distribution, the s~'yst,em 

does not degrade with time and hence, it is not necess~'ar¥. r to b'hort,en t,he inter¥7als of 

inspection with time. 

1 e /1x equa,tion (3.16) is rewritten as On the other ha,nd, wherL G(x) -

l Tk~TA'-1 ci' (k l, 2, . . . ), /1(Tk+1 Tk)] f(Tk) o J'(Tk - x)kte~pxdx - [1 - e~ ' ~ cd c' 

,J; l 
(3. 18) 

i. e. , 

Tk+1 Tk L I Iog I Tk~Tk-1 . (3.19) 1 
f(Tk - x)11,e_ /hxdx 

/J; ~ f(Tk) o 1 - p,c~c; 

To obtam T (k 1, 2, . . . ) which satisfies (3.19), we use the Barlow's a,lgorithm 

[Barlow and Proschan (1965)] as follows 

1 Choose ~l at ra,nclom. 

2 Comput,e 'r2,T3. ' ' ' ~ecursivelV. from (3.18). 

3. If a,ny. 6k, > b~k_1, reduce T1 a,nd repeat ¥vhere 6k ~~+1 ~ k T If any b~A= < O, 

incr~as_'e ~l and repea,t. 

4. Contmur until T < T < . ･ ･ are determined t,o t,he degree of a,c(~:1_lrac;y required. 
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Table 3. I : Optunal mterval T to mmimize B(T) for l//1 and cd/ci When 1/A - 3 x 105. 

3.4 Numerical Examples 

We compute nurnerica,1 examples for each model when F(t) I - e~At . First, we cal-

cula,te optimal interval whic.h minimizes the total expected cost B(T) in (3.5). Second, 

we calcula,te optima,1 interval which minitlLizes the expected cost C(T) in (3.9) when 

G(x) I - e~llx. Third, we calculate T* which lrLinimizes the expected cost C(T) in 

(3.14) when G(x) -- p(1 - e~'1x). Finally, we compute the sequential scheduled thlLes 

which minimize the expected cost in (3.19) when F(t) I - e~At~ . The cost cd is 

norma,lized to ci as a unit cost, i.e., it is divided by ci. 

Ta,ble 3.1 gives the optimal interva,1 T* which minimizes the tot,al expected cost 

B(T) iu (3.5), when G(x) I - e~/!'x, a,nd satisfles (3.6) for 11l~ - 20, 30, 40, 50, 60, 

70, 80, 90, 100, oo, 'a,nd c(//ci 100, 250, 500 when l/A - 3 x 105. This indicates 

tha,t optima,1 interval T* decreases when 1/p; increa,ses, and tends. t,o a, fixed va,lue as 

1//L or c(1/ci goes t,o inflnit,y. , which is a, solution of (3.13). From the optima,1 policy, if 

1//L ~ V~7~) t,hen T* oo. For example, when cd/ci 100, if 1/p, < V~~~U t,hen 
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Table 3.2: Optimal interva,1 T' to minimize C(T) for 1//~ and cd/ci when G(x) 

1 - e~p'x. 

T* oo. This shows that if a fa,ilure is detected early. a,nd surely by. self'-testing, then 

it is not necessar~.' to perform periodic inspection. 

Table 3.2 gives the optimal interval T' which minimizes the expected cost C(T) in 

(3.9) when G(x) I - e~1lx, a,nd satrsfies (3 12) for l/p 20 30 40 50 60 70 80 90 

100, oo, and cd/ci' 100, _950, 500 ¥vhen l/A - 3 x 1-05, c7'/ci l04. From the optimal 

policy, if 11/1, ~ 2/[-A + fT~･TT] t,hen T' - oo. Optima,1 interval T* in 

Table 3.2 tends to be a, Iittle greater t,han that in Table 3.1. . 

T'a,ble 3.3 shows the optimal interva,1 T* which minimizes the expect,ed cost C(T) 

when G(x) ~ p(1 - e~11'x), and sa,tisfles (3.15) for 1/kt 9-0, 30, 40? 50, 60, 70, 80, 90, 

lOO and p 0.9, 0.5, 0.2, 0.0 when 1/A = 3 x 105 cd/ci = 100 and c7'/ci 104. For 

example, if 1/p - 40 and p 0.5 then T' 98.72. Thi,s' indicat,es tha,t T* dec.reases 

'a,s p decrea,ses from I to 0= where note tha,t if p = O then t,he syst,em ca,n not detect it,,s 

failure by. self-testing. 

Table 3.4 shows~' the opt,ima,1 inspection time which minimizes the expected cost 



3.4 NUA,IERICAL EXAMPLES 43 

Table 3.3: Optimal interval T' to minimize C(T) for l//1 and p when G(x) p(1 -e~1lx) 

and cd/ci 100. 

Table 3.4: Optimal times Th~ - Tk_1 (k 1, 2, . . . , 12) for m to minimize C(T1' T2? ' ' ' ) 

when G(x) I - e~Px, F(t) I - e~At"' and cd/ci 100. 
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C(T1'T2, . . . ) in (3.18) when F(t) I - e~At'" for 'rr~ 1, 1.5, 2 when 1/A 3 x 105 

and cd/ci 100. For example, when m I .5 then the system is checked with interva,Is 

40.90, 26.51, 23.48, and so on. This indicates that Tk~ decrea,ses a,s_ m increa,ses. When 

m. - 1.0 these ale equal to the result of pelrodic mspectron 

3 . 5 COnclusiOnS 

We have proposed the optima,1 testing policies for a system with self-testing: Using 

the theory of inspection policy in relia,bility, we have derived the total expected cost 

until the detection of fa,ilure and the expected cost, per unit, of time, and discuss~'ed 

analy. tically the opt,imal inspect,ion policies which minimize them. It has been shown 

that the self-detect,ion ra,te pla~. 's an important role for deriving_ optim.al policies'. For 

designing a good performance of the system, it would be nec,essary to increase the 

self-detection rate by. irnproving the property of self-testing. 



APPENDIX 3.1 

Appendlx 3 1 

Prove that T kT (k 1,2, . . . ) in equation (3.17) 

Let, T1' be a solut,ion to sa,tiSfy 

G(x)dx + :;G(T1) c' eAxdG(x) eAxG(x)dx -
cd O 

Fulther when k I in (3.17), 

T'~'~T G(x)dx + :dG(T)_ - T1) Tl Tl eAXG(T1) eAX G ( x ) di: ci 

cd O 

Thus, we have 

T~'~T G(x)dx + :dG(T2 - T1) T1 G(x)dx + :;G(T1)' 

and hence, T2* 2T1*' 

Simila,rly, it ca,n be easily proved that Tk~ kT (k l, 2, ) 

4Or 





Chapter 4 

Optimal Maintenance and 
Inspection Policies for a Finite 
Int erval 

Th,is cho,pter c071,s'ide'rs optimal policies for maintenance and inspection models for a 

finite i7?,terval. It would be important to consider practically some maintenance policies 

for a fi7?,ite spa7?,, because the working times of most units are finite in actual fields. 

We con'vert the usu~l replacement m,odels to maintena??,ce models for a finite interval, 

aT?,d deri've optim,al policies f07' each model, using the partition method. Further, we 

show h,ow to compute num,er'ically optim,al checking times of a finite inspectioT1, model. 

Num,erical exam,ples are given for each model. 

4 . I IntrO ductiOn 

'I'his ch.apter cQnsiders optimal policies for ma,intena,nce a,nd inspect,ion models wher'e 

a unit, h.a,~'~' t,o operate for a finite interva,1. Pra,ctica,lly, the working times of most units 

a,r(* finit,e in a,ct,ua,1 fields. 

There have lit,t,le pa,pers trea,t,ed wit,h repla,cements for a, finite t,ime spa,n. Barlow 

a,nd Prosc'han (19C5) derived t,he optima,1 sequentia,1 polic"v for age repla,cement for a, 

47 



48 CHAp'rER 4 . FINITE-INTERVA L 

S 

T 2T 3T (n I ) T nT 

Figure 4.1: Finit,e t,ime S wit,h ,n, periodic interva,Is. 

flnite interval. Christer .(1978) a,nd Ansell. et al. (1984) ga,¥re the asymptotic costs of 

a,ge replacement for a finite interval. ~~kagawa et al. (2b04) considered the inspection 

model for a, flnit,e working time and gave the o~t'imal pblicy. ) by partitioning the working 

time into equal part,s. 

This chapt,er proposes modifled replacement policies which convert three uSua,l 

models of periodic replacement with minimal repa,ir, block replacement and sinrple 

replacement to replacements of units for a flnite interva,1. The optima,1 policies of three 

repla,cements are a,nalytically derived by using the partition method in Na,kag'awa, et 

al. (2004). Further, it is shown that a,ll equations of three repla,cements are written 

on genera,1 forms. Next, we consider the sequentia,1 inspection policy. in which a, unit 

is checked at successive times for a ,flnite interval, and show 110w to compute optima,l 

checking times numerica,1ly. . 

4.2 Replacement POlicieS 

We suppose that a unit has to be opera,ting for a, finite interva,1 [O, S] , i.e., its working 

t,ime is gi¥'en b~.. a specifled value S. To mainta,in the unit, an int,erval S is partit,ioned 

equally.. int,o n pa,rts in which it is replaced at periodic times kT (k 1, 2, . . . , ,n.) (see 

Figure 4.1), ~vhere ?~.T S. Then, we cons_ ider the replacement with minimal repair 

a,t, fa,ilure, the block repla,cement a,nd t,he s'imple replacement [Naka,gawa pp. 367-39Or 

(2003)] . 
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4.2.1 PeriOdic replacement With minimal repair 

We consider the model where a unit, is replaced with minimal repa,ir as follows: 

(i) The unit is replaced at periodic times kT (k l, 2, . . . , n) and a,ny unit is as 

good a,s new wit,h ea,ch replacement. When the unit fails between replacements, 

only. minima,1 repair is made, and hence, its failure ra,te rema,ins undisturb~d by 

any repair of failures. It is a,ssulned that the repair a,nd replacement times are 

negligible. 

(ii) Suppose that, the failure times of each unit are independent, and have identica,l 

densitv. .f(t) and distribution F(t). Then, t,he failure rate or the hazard rate is 

'7'(t) E~ f(t)/[1 - F(t)] and its cumulative hazard rate is H(~) = fot 7'(u) du, i.e., 

F(t) I - F(t) e~H(t). 

(iii) A cost c7n is the cost of mmnlLal reparr and cp rs the cost of scheduled replacement 

1 hen the expected cost of one mterval (O, T] is, from Barlow a,nd Proschan (1965), 

C(1) ~ cmH(T) + cp cmH S + cp (4.1) () . 
n 

Thus, the tota,1 expected cost until thne S is 

C(??,) 77,C~(1) 77, clnH ~ (,n, 1,2,...). (4.2) ( ) 
+cp 

~~,'e find a,n optimal partition number n' which minimizes C(7?,) in (4.2). Evidently, 

C(1) cmH(S) + cp, 

C(oo) _ Iim C(n) oo. 
n-oo 
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Hence, there exists a finite number 'n* (1 ~ n* < oo) which minimizes C(n). Forming 

the inequality C(n + 1) - C(n) ~ O, ~e have 

1 (n 1, 9_, . . . ). (4.3) >cm 
rl'H (n + 1)H S cp S 

When t,he fa,ilure time has a Weibull distribution, i.e., H(t) Atm (m. > l), equa-

tion (4.3) becomes 

> Acm S7n 
l (n - 1, 2, . . . ). 1 - cp 

nm'-1 ~ (??. + 1)7n-1 

Since it is ea,s~'ily proved that [1/x]a_ [1/(x+1-)]a is strictly decrea,sing in 'x for'l ~ x < oo 

a,nd ce' > O, the left-ha,nd side of (4.4) is strict,ly increasing in 77, to oo. Thus, there exists 

a finite and unique minimum 72,' (1 ~ n.' < oo) which satisfles (4.4). In particular, when 

m 2, i.e., H(t) At2, equa,tion (4.4) is ' 

7?.(r?. + 1) > Ac?n (4.5) 2 ~ 2cp ' S (n 1,2, . . .), 

which agrees with the type of inequa,lity. (4.3) in Nakagawa et al. (2004). 

To obtain a,n op~imal 'n,*, putting that T S/7?,, equation (4.2) is 

C(Tj S CmH(T) + cl) (4.6) 
T 

Thus_ , the problem which -minimizes C(T) corresponcls to the problem of the standa,rd 

replacement with minimal repair for a,n infinite interva,1. ~/Iany discussions on such 

optimal policies have been made [Nakagawa (1979, 1981), Valdez-Flores and Feldma,n 

(1989)]: Different,ia,ting C(T) with respect to T ancl setting it, equal to zero, we ha,ve 

[r(T) - 7'(t)] dt - . 

o c ,rn When the failure rate is strictly increasing, a solution T t,o (4.7) is unique if it exist,s. 

Therefore, we have the following optimal policy [Naka,gawa et o,1. (2004)]: 
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(i) If ~ < S then we put that [S/~] n and calculate C(7?.) and O(n+ l) from (4.2), 

where [x] denotes the greatest integer in x. If C(n) ~ c(n + 1) then n' n, and 

conversely, if C(n) > C(n + 1) then n' n + 1. 

(ii) If T ~ S then 77.' 1. 

4.2.2 BIOCk replacement 

Suppose that a unit is always replaced a,t any failure between replacements. This is 

called block replacement and has been studied by many authors [Nakagawa (1989), 

and Gertsbakh (2003)]. 

We deflne the block replacement model for a, finite interval. 

(i) The unit is replaced at periodic times kT (k 1, 2, . . . ) or any failure between 

replacements. After that, any unit is a,s good a,s new by each replacement. It is 

assumed that the replacement times are negligible. 

(ii) Let Af(t) be the renewa,1 function of distribution F(t), i.e., M(t) = ~nOO=1 F(n)(t), 

where F(n)(t) is the n-th Stieltjes convolution of F(t), a,l~d F(n)(t) = fot F(n-1)(t_ 

'u) dF('u) (7?, 1,~, . . . ) and F(o)(t) - I for t ~ O, O for t < O. That is, M(t) 

represents~' the expected number of failed units during (O, t] . 

(iii) A c:ost cf is t,he cost of replacement for a failed unit, and cp rs the cost of scheduled 

replacement . 

Then, the expected cost of one interval (O, T] is, from Ba,rlow and Proscha,n (1965) , 

d(1) cfM(T) + cp cfl~l ~ (4.8) ) . ( p. +c 

Thus, t,he t,ota,1 expect,ed cost until time S is 

C('n,) 'n.C(1) 7?, cfM ~ + cp ' (4.9) (, ) (7'7, l, 2, . . . ). 
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From the inequa,lity C(n + 1) - C(??.) ~ O, we have 

1 2 ...), (n 
S ,, (, ) - ( -

) 
(7?, + 1)M 

and putting t,hat T - S/n in (4.9), 

C(T) S CfA,f(T) + cp (4.ll) 
T ' 

which corresponds to the standard block replacement. Let m,(t) be a renewal density 

of F, i.e., Tn,(t) M/(t). Then, differentiating C(T) ¥vith respect, to T and setting it, 

equal to zero, we have 

[m(T) - m.(t)] dt . 

Therefore, by obta,ining T which satisfles (4.12) a,nd applying it to the optimal 

polic~. ', ¥ve can ge,t a,n optimal replac.ement number n* which minimizes C(77,) in (4.9). 

4.2.3 Simple replacement 

Suppose tha,t, fa,ilures of a, unit a,re replaced only. at, times kT (k 1, 2, . . . , n), which 

is called Policy 11 in Naka,ga,wa (1979) . This model is defined a,s' follo¥vs: 

(i) The unit is repla,ced only a,t periodic times kT (k l, 9_, . . . r?.)? where 77, ~ SIT. 

If the unit fails before, the next repla,c.ement, its failure remains until the next, 

replacement . 

(ii) The failure time ha,s a general distribut,ion F(t) ¥vith flnite mea,n 1/A, ¥vhere 

F(t) I - F(t). 

(iii) A cost cd is t,hG c;ost, per unit, of t,ime for the t,ime elapsed bet,wGen 'a, failure and 

it,s detection, and cl' is t,he cost, of scheduled repla,c:ement. 
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'Then, the expect,ed cost of one interval (O, T] is, from Nakagawa (1979) , 

C(1) cd F(t) dt + c cd F(t) dt + cp. (4.13) p 

Thus, the total expected cost until time S is 

s/ n 

C(7?) nO(1) n cd F(t) dt + cp (4.14) (71, l, 2, . . . ). 

o 

Evident,lV. , since 

s 
C(1) cd F(t) dt + cp, 

o 

C(oo) ~ Iim C(n) oo, 
n - oo 

there exists a, finite 'n.* (1 ~ 'n,' < oo) which minhnizes C(T?')' Forming the inequality 

C('n. + 1) - C('n.) ~ O implies 

1 
> cd (n l, 2 . . . ). (4.15) 

s/ n s/(n+ I ) -F(t) dt cp F(t) dt - (7?, + 1) n, 

In pa,rticula,r, when F(t) I - e~At, equation (4.15) is 

'n,c~As/n _ (n + l)e~AS/(n+1) ~ cp (77, l, 2, . . . ). (4.16) 

Using ~a ~; I - a, + a,2/2 for small a,, equat,ion (4.16) is rewritten the a,pproxima,tion of e 

a,s 

n,('n, + l) > ACd AS 2 (n - 1,2, . . . ), (4.17) 

2 ~ cp + Acd 9* 

¥vhich agrees with the t,~. .pe of inequa,lity (4.3) in Na,kagawa, et al. (2004). 

Putting tha,t, T = S_ /r7,, equation (4.14) is 

C(T) S Cd foTF(t)dt + cp (4.18) 
T 
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Differentiating C(T) with lespect to T and settmg rt equal to zero we ha¥ e 

[F(T) - F(t)] dt .' (4.19) 

Noting tha,t, the left-ha,nd side of (4.19) is strict,1~=.' increa,sing from O t,o 1/A, there exists 

a, finite a,nd unique ~ which satisfles (4.19)･, if 1/A > cp/cd. Therefore, using the optim~l 

policy, we can get an optima,1 repla,cement number 'n.' which minimizes C(n) in (4.14). 

In genera,1, the a,bove results of three repla,cel~lents a,re sLmlma,rized a,s follo¥vs: The 

t,ota,1 expect,ed cost, until t,ime S is~' 

S 3() C('n,) r~ c ~) (Tl' 1,9_, . . . ), (4.20) r~ +cp 

whele ~~(t) rs H(t) M(t) a,nd fot F(tl) d'u,, and cj is c7n' c.f and cd for the lespectrve 

periodic, block and siurple replacements. Forming t,he inequality C(77, + 1) - C(n) ~ O 

);ields 

1 cj (,n, - l, _9, . . . ). (4.21) > 
n,~) S ' - cl) S ('n, + 1)~> 

n. 77, + 1 
Putting tha,t, T - Sl'n, in (4.20), we ha¥'e 

C(T) = S Cj~)(T) + cp (4.29_) 
T ' 

a,nd different,ia,ting C(T) with lespect to T and settmg rt equal to zelo 

cl) ' (4.23) T~~1(T) - ~)(T) = . 
cj 

If t,here exists a solution f to (4.23), then we can get an optmlal numbel n fol ea(h 

replacement. using t,he optimal policy. . 
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S 

T1 T2 T3 Tn-l Tn 

Figure 4.2: Finite interval S with n sequential mtervals 

4.3 InSpection Policy 

Na,ka,gawa et al. (2004) have considered the periodic inspection model for a flnite 

inter¥'al (O, S] . In this section, we extend this rrLOdel t,o a, sequentia,1 inspection policy 

as follows: 

(i) An operat,ing unit is checked at successive times O < T1 < T2 < ･ ･ ･ < Tn (see 

Figure 4.2), where To - O a,nd Tn S. 

(ii) The failure time has a, general distribution .F(t) with flnite mea,n 1/A, where 

(iii) A cost ci is the cost of one check a,nd cd is the cost per unit of time for the time 

ela,psed between a failure and its det,ection a,t the next check. 

Then, the total expected c.ost until the detection of failure or time S is 

n-1 Tk+1 
C(7?.) ~k o ' T [ci(k + 1) + cd(Tk+1 t)]dF(t) + c nF(S) (7? 1, 2, ) 

(4.24) 

Putt,ing tha,t t)C/dTk. - O, we have 

F(T/'=) - F(Tk_1) _ i . (4.25) c 

TA.+1 T (k l, 2, . . . , n, 1) ~ k f(TA,) cd 
and t,he resulting expecteci cost, is 

s n-1 F(t) dt = ~[ci + cd(Tk+1 TA)]F(TA) (n C('n) + Cd , - l, 2, . . . ). (4.26) 
O k=0 
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For exa,mple, when 'n, 3, the checking thrLes T1 a,nd 'r9_ a,re given by the solutions 

of equa,tions 

S - T) F(T2) - F(T1) c.i 

- f (T2) Cd ' 
TQ_ - T1 F(T1) _ ci 

f (TI ) Cd 

and the t,ot,al expec:t,ed cost, is 

s 
C(3) + cd F(t) dt ci + cdT1 + [ci + cd(T2 - T1)]F(T1) + [ci + ccl(S - T2)]F(T2) 

o 

Therefore, we compute opt,imal Tk (k l, 2, . . . , 'n, - 1) which satisfles (4.25), a,nd 

Subst,ituting them int,o (4.26), we obta,in the tota,1 expected cost, C('n,). I¥!Text, comparing 

C('n,) for all 7?. ~ 1 , we ca,n get an optimal checking number 7?.* .and checking times Tk~ 

(k 1, 2, . . . , ,n.'). '~ 

4.4 Numerical ExampleS 

We. comput,e num9rica,1ly optima,1 policies for each model. T'able 4.1 shows optima,1 'n,* 

f'or periodic repla,cement with minimal repair for 1/A 10, 20. 30, 40, 50, 60, 70, 80, 

' I a,nd F(t) 1-e At 90 100 and cp 5, 6, 7, 8, 9, 10 15 20 90r when S 100, C7n 

This indica,t,es tha,t, ,n,' decrea,ses a,s l/A or cp mcreases. 

Ta,ble 4.2 shows opt,imal n,* for block replacement for l/A - 10, 20, 30, 40, oro, 60, 

70, 80, 90, 100, a,nd cl) 0.04, 0.0C, 0.08, 0.1, 0.12, 0.14, 0.16, 0.18, 0.2 when S = 100, 

c'.f = I a,nci F(t) is a, ga,mma, di,s'tribut,ion with pa,ra,meter 2, i.e., 

A A _QAt At I I _2At 'm.(t) - ~ ~ ~e " 2 - ~ ~ ~c , A.1 (t ) 

Ta,ble 4.3 sho¥vs opt,ima,1 n,' for s~'hnple replacement, for l/A - lO, 20, 30, 40, 50. CO, 

70, 80, 90, 100, a,nc_1 cl) ~ 0.5, 0.6, 0.7, 0.8, 0.9, l, 9_, 4, 6 when ^~ = 100, c(i = I a,ncl 
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Ta,ble 4.1: Optimal n* for periodic replacement with minimal repair when S 100, 
cln ~ I a,nd F(t) - I - e~At2. 
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Table 4.9-: Optima,1 n* for block replacement when S 100, cf I and F(t) is gamma 

with para,meter 2. 
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F(t) I - e~At. This shows simila,r results with Tables 4.1 and 4.2, i.e., n* decreases 

as 1/A or cl) increases. 

Table 4.4 gives the checking tiure Tk (k 1, 2, . . . , n) and the expected cost C(n) 

C(n)/cd + s F(t) dt when S 100, ce/cd 2 and F(t) I e At In this case we . fo 
set., that the mean fa,ilure time is equal to S, i.e., 

oo 1 7r e At dt ~ ~ S 

Compa,ring C(??,) for n 1, 2, . . . , 9, the expected cost is minimum a,t n 4. Tha,t is, 

t,he opt,imal checking number is 7?.' 4 and checking times are 44.1, 66.0, 84.0, 100. 

4 . 5 COncluslonS 

We have derived optimal policies for periodic, block and simple replacement for a, flnite 

int,erva,1, using the known results of st,a,ndard replacements a,nd the partition method. 

Further, we have shown the computing method of obta,ining opt,irrLal sequential times 

of an inspection model. Such computa,tions might be more troublesome than those of 

a,n inflnite case. But, it, would be easy to compute optimal thnes numerically even by 

persona,1 computers_', as they have greatly. developed. 

In this cha,pter, we have rrLa,de no mention of age repla,cement. We can obtain an 

opt,ima,1 a,ge repla,cement policy for a flnite interva,1 by the similar method as follows: 

We divide., a whole working time S into n equal parts, i.e., 'n.T S, and derive an 

optimal replacement time for one interval (O,T] . Further, by the pa,rtition met,hod, 

we determine a,n optimal replacement number n*. If a, unit is repla,ced a,t t,ime To 

(O < To ~ T) then we may. reconsider the same replacement, policy for the rema,ining 

interva,1 S - To. 





Chapter 5 

Optimal Policies for a System with 
Two Types of Inspection 

Th,is chapter considers optimal inspection policies for a system with two types of in-

spection: Type-1 inspectibn is done so frequently more than type-2 inspection, because 

the loss cost for one chech of type-1 inspection is lower than that of type-2 inspection. 

OT?, the other hand, there exist some failures which can not be detected by type-1 in-

spection and can be detected 07?,ly by type-2 inspection. Optimal inspection policies for 

such a system are considered. Optimal numbers which minimize the expected costs are 

a72,alytically derived. Numerical exonTrples are given whe77, th,e failure time distribution 

is exponential. 

5.1 Introduction 

'l~his.' cha,pter considers a, system which is checked periodica,lly. by ty. pe-1 inspection 

or type-9- inspection. Suppose tha,t the cost of type-1 inspection is lower tha,n that 

of type-2 inspection. Therefore, t~.rpe-1 inspection checks t,he system rrLOre frequently 

t,ha,n t,ype-2 inspection. On t,he ot,her hand, it is a,s,s'umed t,hat t,ype-2 inspection can 

det,ect a,ny fa,ilure which ca,n not be detected by t,y. pe.-1 inspection. 

61 
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Sys t em 

X 

o 

X 
O 

o 

O 

O failure which can be detected 
by Type-1 inspection 

X failure which can not be 
' ~detected by Type-1 inspection 

. - . of ins'pect,ion. Flgure 5.1~ S.ystem wrth tvro types 

A t,ypic~l example of such a inspect,ion policy in rea,1 s~'y. st,ems is electronic control 

devices which .are periodica,lltv checked by self-diagnosis. The self-diagnosis function of 

the system is embedded in electric circuits, and check it periodically [O'Connor (2001), 

Jha a,nd Gupta (2003)]. On the other ha,nd, the system complexity has dramatically 

increase,d, and a,s a, result, it ha,s been difficult to design t,he s:elf-dia,gnosis-' wh_ich can 

detect a,ll pos_'sible failures. ~/Ioreove.r, t,he cost perf'ormance of self-dia,gnosis increases 

a,s' the covera,ge to detect fa,ilures increases. The external inspection with test,er ha,s a 

complex implement, and its cob~t is high. Therefore, the inspection should be classifled 

into two cases~' that the high-cost inspection and low-cost self-dia,gnosis, where interva,Is 

of high-cost inspect,ion ¥vould be larger tha,n those of low-cost self-dia,gnosis. Two t,ypes 

of inspect,ion policies for stora,ge systems were studied by Kodo, Na,kagawa, a,nd Nishi 

( 1 995) . 

The inspection policy in relia,bility theory is applied t,o s~'uch a, model: Type-1 in-

s_'pec:tion checkss a' s~.'stem a,t periodic times jT (j - l, 9_, . . . ) , a,ncl the type-2 inspection 

(hecks a system at penoclic tmle kmT (k 1, 2, . . . ). When t,he sys_'tcm fa,ils, it,s fa,ilure 
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is cla,ssifled wit,h a probability, i.e., the failure can be detected by type-1 inspection 

with probability p. On the other hand, some failures can not be detected by. type-1 

inspection wit,h proba,bility I - p (see Figure 5.1). 

Consider the time from the beginning of system operation to the detection of failure 

a,s one cycle, and fdrther, introduce a loss cost for the time elapsed between a fa,ilure 

and its detection. Then, the mea,n time and the tot,al expected cost of one cycle, and 

t,he expected cost per unit, of time a,re derived. Optimal numbers m.' which minimize 

t,he expected costs a,re a,nalyt,ically derived. Finally, numerical examples are given when 

the fa,ilure time distribution is exponential. 

5.2 MOdel and ASSumptionS 

Consider a s~'ystem which is checked periodically by two-types of inspection: Type-1 

inspection is done so frequently. more t,han type-2 inspection, because the loss cost for 

one check of type-1 inspection is lower tha,n tha,t of type-2 inspection. Whereas, there 

exist some, failures which can not 'be detec.ted by type-1 inspection. 

For this model, we ,deflne t,1le following assumptions: 

(i) The s~. 'stem is' checked by two types of inspection; type-1 or type-2 inspection. 

The sy. stem is replaced when its failure is detec,t~d by inspection. Any failure 

does not occur bet,¥veen the flrst fa,ilure and the next, inspection. If t,he failure is 

det,ected t,hen the system is ma,intained and is as good as new. 

(ii) The syst,em is c:hecked periodica,lly by. two types of inspection: Ty. pe-1 inspec-

t,ion is performed at periodic times jT (.j 1, _9, . . . ) and t,~..pe-2 inspection .is 

performed a,t, periodic times hm.T (k 1, 2, . . . ) for some specifled T a,nd m 

('rn, - I , 9_, . . . ) , i.e., ty. pe-2 inspection is done a,t eve.,ry. 7n times of type-1 inspe,c-

t,ion . 
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(iii) The fa,ilure t,ime dist,ribution has a, general distribution F(t) with flnite mean 

1/A, where F(t) I - F(t). 

(iv) When the sy. stem fails, its fa,ilure is classified in the following way. : The fa,ilure 

ca,n be detect,ed by t~.･pe-1 inspection and type-2 inspection with probability p 

(O < p ~ 1). On the ot,her hand, the failure ca,n not be detected by type-1 

inspect,ion with probability. I - p, a,nd can be det,ected only by t~.･pe-9- inspection. 

In ot,her ~¥'ords, t,ype-2 inspection ca,n detect any. fa,ilure. 

(v) Let cil be the cost of one check by type-1 inspect,ion, Ci9_ be the cost of one check 

b~.r ty. pe-2 inspection, tha,t, is, the inspection cost, a,t time k771.T includes two costs 

of the t,ype-1 inspection a,nd t,ype-2 inspect,ion. Furt,her, Iet cd be the loss cos_t 

per unit of t,ime for the time elapsed between a, failure a,nd it,s detection. 

Figure 5.2 shows the processes of the sy. stem with two t,ypes of inspection: The 

horizontal axis represents the process of t,ime. Upper side shows tha,t when the syst,em 

fails at, time t (k7nT + jT < t ~ km.T + (j + 1)T) , 'its" fa,ilure is det,ected by type-l 

inspect,ion at time kmT + (j + 1)T with probability. p, and the lower side shows tha,t 

the failure is detected only by type-9- inspection at t,ime (k + l)7n.T with probabilit,y 

1 - p. 

We define one., cycle as t,he time f'rom the beginning of sy. .s'tem opera,tion to the 

detect,ion of failure. Then, t,he mean t,ime of one cyc:le is given by 

(x) m-1 A'mT+(j+1)T (x) (A'+1)mT A(77z T) =-p~~; [k'm,T + (j+ l)T] dF(t) + (1 - p)~ (k + 1)m,TdF(t) 

A'=0 j=0 ' krrtT+jT /.,=0' A'772T 

= p'l' ~~L F(kT) + (1 - p)7T~,T ~~L F(km.T) (7n, 1 9 ) (5.1) 

/.'=0 A==0 
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C I Cil Cil Cil Cil Cil Cil Cil Cd 

t 

C._d Ci 1 

- - - -hHl~~-- - - - - -fHD 
t ' 

2mT 
. +jT failure 

I Type I mspectlon D Type 2 mspectlon X 

Frgure 5.2: Two types of inspection 

Further, the total expected cost of one cycle is 

- ~-1 k~T+(j+1)T 
B(m T) p~~ {cil (km+ j + 1) + ci2k+cd [km.T+ (j + l)T-t] } dF(t) 

k=0 j=0 k'~T+jT 

" (k+1)~T 
+ (1 - p) ~ {(cilm + ci2)(k + 1) + cd[(k + l)mT t]} dF(t) 

k=0 k~T 

cd (Cil+cdT) p~L F(kT) + (1 - p)m~L F(kmT) + ci2 - i2 - A ~ F(kmT) pc 
k=0 

(5.2) 

Thus, the expected cost O(m; T) per umt of tune rs from (5 l) and (5 2) 

B(m,' T) 
C(Tn,' T) ' 

' A(m; T) 

~ " F(kT)+(1-p)m,~ F(kmT) + c2 i ~ F(km.T) p 

P~L F(kT) + (1 - p)m. ~L F(kmT) T 

+ cd (m, 1, 2, ) (5.3) 
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5.3 Optimal Policy 1 

e At.. Then, the Assume tha,t the failure distribution is exponential, i.e., F(t) I - -

total expected cost B(m; T) in (5.2) ca,n be rewritten as 

p (1 - p)m. ci2 c(l B(7n;;T) ' (cil+cdT) i - A (m. 1,2, ) l-e~AT + + 1-e~AlnT ~ Pc 2 1 - e~AmT 

(5.4) 

and the expected cost C(m; T) in (5.3) is 

(1 . ) l'.- e~AT Acd + pc~2 (1 - e~AmT) 
C(m.' T) Cd+ cil + ci2 - (m 1, 2, . . . ). 

' T (1-p)m(1 - e~AT) + p(1 - e~AmT) T 
(5.5) 

We seek an opt,imal number m~ of type-2 inspection which minhlLizes the total 

expected cost ~(m.; T) in (5.4) for a flxed T > O. Letting ~(m + 1; T) ~ B(m; T), ~ve 

h ave 

m 
(e - 1) > ~ (1 - P)(cil + cdT) ' 

k=1 

It is easily seen tha,t, the left-hand side of (5.6) is strictly increasing in m from eAT - I to 

oo. Thus, there exists a flnit,e and unique minimum m,~ (1 ~ m.~ < oo) which satisfles 

In particula,r, since eAkT - I > AkT, if there exists a minimum solution ml to satisfy 

the following inequality: 

n k = m,(m, + 1) > Ci2 (5.7) ~ 2 - AT(1 - p)(cil + cdT) ' 
k=1 

then m~ ~ ,rn,1' It is furt,her not,ed from (5.6) tha,t opt,imal m,~ is decrea,sing with bot,h 

of I - p a,nd T, and m~ -~ oo as p -> 1. 



5.4 Optimal Policy 2 

It is assurrLed that, cd/A > ci2, i.e., the downtime cost for the mean 'failure time is 

greater than the additional cost for one check of type-2 inspection. Then, we seek a,n 

optimal number m~ which minimizes the total expected cost C(m; T) in (5.5). Letting 

C(m, + 1; T) ~ C(m,; T), we have 

m 
~(e - l) AkT 

~ ~J m,(1 - p) + A (1 P)c 2 (1 - p) 
1 - e~AT 

Letting denote the left-side hand of (5.8) by L(m), 

L(1) eAT - Il ' 
1 p + I - e~AT 

L(oo) oo, 

m eA(m+1)T _ l (1 - P) ~L(eA(m+1)T _ eAkT) + I - e~AT 

L(m,+ 1) - L(m) k=1 > O. m(1 - p) + (m + 1)(1 - p) + 
1 - e~AT I - e~AT 

Thus, L(m,) is strictly. increasing frorrL L(1) to oo, and hence, there exists a flnite and 

unique minimum m.~ (1 ~ m.~ < oo) which satisfles (5.8). 

Since eAkT - I > AkT, if there exists a minimum solution to satisfy the following 

inequality: 

m 

~k ci9 k=1 

, (5.9) 7n(1 p) + I - AT(1 p) [c_Ad ~ ~ ' ' l 

, _ - ( I P) ce2 AT 
then m,t) ~ m,2' It is further not,ed t,hat optimal m.~ has no relation with Cil, a,nd is 

decrea,sing with both of I - p and T, and m,~ -> oo as p -> l. 
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5.5 Numerical Examples 

We compute numerically opthnal inspection numbers m~ a,nd m.~ which minimize the 

expectecl co,s t,s B(m.; T) a,nd C(Tn,; T) when F(t) - I - e~At, respect,ively, a,nd compare 

m~ wit,h ml a,nd m.~ wit,h m,2. All costs a,re norma,lized to cil as a, unit cost, i.e., they 

are divided by cil' 

Table 5.1 presents the opt,ima,1 number m~ which minimize,s' B(m.; T) and its upper 

bound ml for 1/(AT) - 300, 600, c'dT/cil 100, 1000 and c:i2/cil l, 2, 5, lO, 15, 20, 

25, 30 when p 0.9. This indicates that m~ increa,ses as ci2/c,il or 1/(AT) increases and 

cdT/cil dec.reases. For exa,mple, when t,he interva,1 of type- I inspection is T I day, 

1/A 300, cd/cil 100 and p 0.9, ty. pe-2 inspection should be performed almost 

every month for ci2/r_il 15. 

Table 5.2 shows the optimal number m~ which minimizes J~(m.;T) a,nd ml for 

l/(AT) 300, 600, cdT/cil 100, 1000 and p 0.5, 0.7, 0.8, 0.9, 1.0 when ci2/cil 10. 

This indicates that the optimal m,~ decrea,ses with I - p. Thus, if I - p is large, it would 

be better to perform type-2 inspect,ion early. When p 1.0, type-2 in,s'pect,ion should 

not be performed, because a,11 failures a,re detected by type-1 inspection with low-cost,. 

Ta,ble 5.3 gives the optimal number m~ which minimizes C(7'rb;T) and its upper 

bound m2 for 1/(AT) 300, 600, cdT/cil 100, 1000 and ci2/cil 1, 2, 5, lO, 15, 20, 

25, 30 when p 0.9. This indic:ates that m.~ is a litt,le larger t,han m,~ in Ta,ble 5.1. 

Table 5.4 present,s the optima,1 number m.~ which minimizes C(m.; T) a,nd 77T2 for 

1/(AT) - 300, GOO, cdT/cil - 100, 1000 an.d p - 0.5, 0.6, 0.7, 0.8, 0.9, 1.0 when 

ci2/cil = 10. For exa,mple, when t,he interval of type-1 inspection is T - I day, 

1/A - 600 a,nd c(1lcil ~ 100, ty. pe-2 inspection should be performed a,hnost, every 34 

day, s for p - 0.9 a,nd eve.ry 16 da,v. s for p - 0.5. 

It i,~~' of interest that the upper bounds m,i (i 1, 2) gi¥'e close 'approxim'a,t,ions~' to 
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Table 5.1: Optimal number m~ to minimize B(m.; T) for l/(AT), Ci2/cil and cdT/cil 

when p 0.9. 
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Ta,ble 5.9-: Opt,imal number m~ to minitnize ~(m.; T) for 1/(AT), p and cdTlcel when 

ci2 /cil 10. 
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Tab1じ5．3：、Optimalnumbe”η査t。minimizeO（η乙；T）f。r1／（λT），cε2／c乞1andc4T／c¢l

whell　lρ＝0．9．

　　　　　　　　　　　　　　　　　1／（λT）＝300　　　　1／（λT）＝600

　　　　　　　　　　　　　　　　　　　　　　　　　c4T／c21

　　　　　　　　　　　　q2
　　　　　　　　　　　　－　　　　　100　　　　　　1000　、　　　　100　　．　　　1000

　　　　　　　　　　　　0ε1　　＊　＝±　　　＊　＿　　　＊，＿　　　＊　＿
　　　　　　　　　　　　　　　m2m2－7π27η2η32η～2ηZ2・η乙2

1・

8 8 2 3 11 11 3
4、

2 11 11 3 4 15 16・ 5 5
5・ 17 17 5 6 24 25 8 8
10 24 24 8

、 8 34 35 11 11

15 30、 30 9 10 42 43 13 13

20 34 35 11 11 49 49 15 16

25 38 39 12 12 54 55 17 17、

30 42 43 1．3 13 59・ 60 19 19，

Ta1）1e5．4：0ptimahlumber7η査，to　millimize　O（’η？，l　T）for1／（λT），1ρりal1（1cdT／c乞1whel1

c乞2／（）乞1＝、10．・

　　　　　　　　　　　　P

1／（λT）＝300．4Tlc、、1／（λT）＝60摯

，轟、，，；100霧2η、10陽2η、100舞，

0．5 11 11 4 4 16 16 5
5’

0．6 12 12 4 4 17 17・ 6 6
0．7 14 14 5 5 20 20 6

， 6
0．8 17 17 5 6 24 25 8 8
O．9 24 25 8 8 34 35 11 11

1．0
OC OO ○○ ○○ OQ （〉○ ○○ （〉○
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Figure 5.3: Expected cost B(m,; T). 
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opt,imal numbers in all tables. 

Figure 5.3 draws the t,otal expect,ed cost B(m,; T) for p 0.8, 0.9 when 1/(AT) -

300, ci2/cil 10, CdT/cil 100. For exa,mple, when p 0.9, the optimal number is 

m' 24 and B(m,'; T) 589.3. This indicat,es that B(m.; T) decrea,ses with p. Thus, 

to decrea,se t,he expect,ed cost,, we have to increase the proba,bility. p of detecting fa,ilure,F;_ 

by type-1 inspection. 

Figure 5.4 draws t,he expected cost C(m.;T) for p 0.8, 0.9 when 1/(AT) = 300, 

ci2/cil - lO, cdT/cil 100. For example, when p 0.9, the optimal number is 'm.* 24 

and C(m,'; T) 1.9(5 . This also shows t,he same tendency as Figure 5.3. 

5 . 6 COnclusions 

We have proposed the optima,1 irLSpection policies for a system wit,h two t.V.. Pes of in-

spection. There might exist some failures in many a,ct,ua,1 sv. stems which ca,n not be 

detected by. type-1 inspection and ca,n be detect,ed only by type-')- inspection. This 

a,ssumption would be rea,list,ic, and the model is also simple. Furt,her, it is easy to 

understand the results obta,ined and techniques used in t,his paper. 

Using the inspection policy in reliabilit,y t,heory. , ¥¥re have derived t,he tota,1 expected 

cos~'t unt,il the detection of failure and t,he expect,ed cost, per unit of t,ime. We ha,ve dis-

cussed analytically the opt,imal inspect,ion policies which minimize the expect,ed cost,s. 

We. have given numerical examples when the failure time distribution is exponent,ial. 

These formula,t,ions a,nd results would be a,pplied to ot,her rea,1 s~. ',s'tems ,s'uch a,s digit,al 

circuit,s by.' s~'uit,able mocliflca,tions. 



Chapter 6 

Optimal Replacement POlicy fOr 
a SyStem With TWO TypeS Of 
InSpectlon 

This ch,apter considers a replacement policy for the sam,e system with two types of 

inspection in Ch,apter 5; Type-1 inspection is done so frequently more than type-2 

inspecti07?,, because the loss cost for one check of type-1 inspection is lower than that 

of type-2 inspecti07?,. On the other hand, there exist some failures which can not be 

detected ow,d ca77, be detected only by type-2 inspection. Further, the system, is replaced 

at th,e specified N-th type-2 inspection. The expected cost per unit of time is analytically 

obtained, and an optimal number to perform type-1 inspection until the next type-2 

inspection is derived. Numerical exam,pZes are given when the failure time distribution 

is expor?,ential. 

6 . I Intro ductiOn 

'l'his cha,pter treats a,n extended model in Cha,pter 5, where a system is checked by 

two-types of ins'pec,t,ion: T~.'pe-1 inspection checks t,he system more frequently than 

t,~. 'pe-2 in,s'pect,ion? since t,he cost, for one check of type-1 inspection is lower tha,n that 

73 
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of type-2 inspection. Howe,ver, there exist some fa,ilures ¥vhich ca,n not be det,ected by. 

type-1 inspection and can be detected only. by type-2 inspect,ion. Further, we suppos~'e 

the system is replaced at the N-t,h t,ype-2 inspection, and thereafter, it becomes like 

new. Tha,t, is, the sy. stGm operates until eit,her the N-th type-2 inspectipn or the time 

at which its fa,ilure is detected by ty. pe-1 or ty. pe-2 inspect,ion. Kodo et al. (1999) 

considered the optimal maintena,nce policv_ for a, pha,sed array ra,da,r, which is replacecl 

at either, sPecifled ' number of <inspe~,tion or a,t time when t,he tot,a,1 of fa,iled elements 

have exceeded a, specified number. ; . . ' .' ' 

The inspection polic~.' with repla,cement, is applied to such a model: Type-1 inspec-

tion checks a sy. stem at periodic times jT (j l, 2, . . . , N,m.), and type-2 inspec.tion 

checks it at periodic time km.T (k 1, 2, . . . , N), where 77~, is the number to perform 

type-1 inspection until the next, ty. pe-2 inspection, and T (O < T < oo) is consta,nt and 

the interval of type-1 inspection. When the system fa,ils, its failure can be detected 

by type-1 inspect,ion with probability p. On the other hand, some failures ca,n not be 

dete.cted by. type-1 inspection with proba,bility I - p. The sy. stem operates until t,he 

time NmT or the･time tha,t its feLilure is detected by. inspection, whichever occurs first. 

We introduce t,he loss cost for the time elapsed between a fa,ilure a,nd its detection. 

Th9n, the mean time a,nd total expected cost to replacement,, and the expected cost, 

per unit of time are derived. An optim~l number m.* which minimizes the expected 

cost is a,nalytically derived for given T and N. Finally, numerical exa,mples are given 

when the fa,ilure time distribution is exponential. 

6.2 Model 

We consider 'a, 

inspection, a,nd 

and Assumptions 

svstem ¥vhich 

is repla,ced a,t 

is checked 

the N-th 

periodically by ty. pe-1 

t,y. pe--9 inspect,ion. It, is 

insp ect, ion 

a,s s_' u m e d 

or t,y. pe-2 

tha,t tyl･)e-
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2 inspection can detect any failure which can not be detected by type-1 inspection. 

Further, when the system is checked by the finite number of type-2 inspection, it is 

replaced and becomes like new. 

For this model, we make the following assumptions: 

(i) The system is checked by two types of inspection; type-1 or type-2 inspection. 

The system is replaced at the specified N-th type-2 inspection or t,he time when 

its failure is detected by. inspection, whichever occur flrst. Any failure does not 

occur between the flrst fa,ilure and the next inspection. If the fa,ilure is detected 

then the system is maintained and is as good as new. 

(ii) The system is checked periodically by two types of inspection. Type-1 inspection 

is perfonned a,t periodic times jT (j l, 2, . . . , Nm.) for some specified T (O < 

T < oo). Type-2 inspection is performed at periodic times kmT (k 1, 2, . . . , N), 

where m. (m, l, 2, . . . ) is the number to perform type-1 inspection unt,il the 

next type-2 inspection, i.e., t,ype-2 inspection is done at ev~ry m, times of type-1 

inspect,ion. 

(iii) The fa,ilure time has a general dist,ribution F(t) with finite mean 1/A, where 

F(t) I - F(t). 

(iv) When the s~'ystem fa,ils, its fa,ilure is detected in the following way: The failure 

ca,n be detected by. type-1 inspection with probability p (O < p ~ 1) a,nd type-

9_ inspection. On the other ha,nd, the failure can not be detect,ed by type-1 

inspec't,ion with probability. I - p, and can be detected only by. type-2 inspection, 

i.e., t,ype-2 inspection ca,n detect a,ny failure. 

(v) A cos~'t, cil Is the c,ost for one check of type-1 inspection, ci2 is t,he cost, for one 

check of type-9- inspection, that is, the inspection cost a,t thrre km.T includes two 
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NmT 
ci2 
Ci 1 

Figure 6.1: Diagram in case of NmT < t. 

Nm.T kmT + ~ + 1)T 
ci 2 

Ci 1 

Figure 6.2: Diagram in case of kmT + j < t < kmT + (j + 1)T. 

NmT 

ci I ci I ci l 
O mT 2mT kmT t (k+1)mT 

~igure 6.3: Diagra,m in case of kmT < t ~ (k -h 1)T ~ Nm.T. 

costs of ty. pe-1 inspection and type-2 inspection. Furt,her, cd is the loss cost per 

unit, of tiure for the time elapsed between a failure and it,s detection. 

When the system fails at t,ime t, this model is cla,ssified int,o the following three 

ca,ses : 

1 ) Case of Nm.T < t 

The mean t,ime to replacement is' 

oc' 

VmT dF(t) - N7T?,TF(N7T2,T) . (C. 1) 
N7'r~ T 
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Furtller，theeXpectedc。Stt。replacement’iS

　　　　罵丁（隔1＋Nc乞2　）4F（孟）一（N一乞・＋Nc乞2　）ア（　）・（6・2）　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　，

2）CaSethatthefail皿eisdet壱ctedattime伽丁＋ブT＜’孟≦κmT＋（ブ＋1）T≦M）

with　probεしbility　p

The　mean　time　to　replacement　is

翻灘㌦mT＋（ブ＋1）T］4F（孟）一轡（んT）一Nm酬）・（σ3）

Further，the　total　expe6te（i　cost　to　replacement　is

器鵜臓＋（ブ＋1）hl＋碗＋［κmT＋（ゴ＋1）丁幽千岬）．

　　　　ノ　のト　　　　　　　　ノ　
　　＝c乞1暑ア（κT）、＋c乞2暑ア（　）一N（mc乞・＋c乞2）ア（　）

　　　＋q［丁署ア（κT）一∠　聯］＋　T）・　（α4）

3）Casethatthefailureisdetectedattime孟（κmT＜孟≦（ん＋1）T≦甑丁）with，

prol）a｝）ility1－1ρ

The　mean　time　to　replacement　is

濫㌦1一）一嚇（…）一…（…）・（615）

Further，the　expected　cost　to：replacemeIIt　is

慧∠翻）マ1ん＋1）閾＋（ん＋1）勉＋1（ん＋1）mT噺＋粥F（6）

一圃＋励［慧ア（…）一　T）］＋砲卜丁嵩ア（脚丁）一伽］

　　＋c，F（翫丁）．　　一　　　　　　　　　　　　　（6・6）
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　Thus，the　mean　time／4（mlT，ノV）to　replacement　is　obtaine（i　as、the　summation　of

equations（6．1），（6．3），（6．5）as　follows：

　　　　，ハ剛一P［丁署祠＋．（1」㍗）卜丁讐ア（…）］・

Similarly，the　total　expected　cost　B（7γzl　TりノV）to　replacemellt　is　obtained　as　the　sum－

mati・n・fequati・ns（6．2），（6．4），（6。6）asf・11・wsl

β（m　ら＋（c狂＋c4τ）、陰1ア（砂（1曙ア（ん・ηT）］

　　　　　　　　＋・・21書ア（一）†（1－P）慧ア（廟・ナ）］一c4∠㌦）ぬ

6．3　0ptimal　Inspection　Policy

鴨seekan・ptimalntlmberm＊・ftype‘2insp6cti・n脚hichlninimizestheexpectedO・st

O（7ηITりN）whenthefailuredistributi・nisF（孟）一1－e一瀦・T！・en，theexpe（lte（1c・st

O（勉IT，N）isgivenby

　　　　　　β（ηZIT，八7）．
0（ml　T，N）…≡
　　　　　　・4（ηZl　Tり八π）

　　　　　　　｛（…＋・・T）［、一呈一、T＋1と馨］＋・・21一㌻嘉契丁）一謝

　　　　　＿×（1－e一物丁）＋すγ

　　　C乞
＝Cd十一十
　　　丁

［1一呈一・T＋1と課］（1一・1λ甑丁）T

　1っ（1一ε一λmT）Cd　　Cγ
C乞2　　　　　　　　一一十
　　トε一λmT　　λ　（1一ε一λ翫あT）

　　　　　　　　　　　　　［、一呈一、T＋1と壽］T、●

Inl）arti（lularりwhenc冊O，lettin90（7η＋1；T，N）≧0（7ηIT』N），wehave

　　　（7η＋1）（1」ε一λη乞丁）一ηz（1』ε一λ（η乞＋・）T）　　・乞2

≧
（・ε2P＋c4／λ）（1っ）。

（6』7）

1－P（1一ε一λ7πT）
（6．8）
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Letting denote the left-side hand of (6.8) by L(7n) , 

L(O) O, 

l 

L(oo) . 1-p 
Further , 

AmT) m(1 e A(m+1)T) m(1 e~A(In-1)T) + (m. - l)(1 - e~AmT) (m, + 1)(1 - e~ -

A(m 1)T + e~A(m'+1)T _ 2e~AmT 

me~A(m-1)T(1 - e~AT)2 ~ O. 

Thus, the numerat,or of I.(m.) is strictly increa,sing, and the denominator of L(m) is 

decrea,sing with m. Therefore? L(m,) is strictly increasing from O to 1/(1 - p) , a,nd 

hence, if ccl/A > ci2 then there exists a,n optimal m.* (1 ~ m* < oo) which satisfies 

(6.8), independent of N. 

Next, Ietting C(m + 1; T, N) - C(m; T, N) ~ O in (6.7), we have 

(ci2p + Cd/A)(1 - p) [(m + l)(1 - e~AmT) _ m(1 - e~A(m+1)T)] 

AmT > cl' + Nci2 , (6.9) ce2[1 P(1 - e~ )] + Nci2V(m)/(1 - p) 

where 

V (m,) 

'(1 - p) [(m, + 1)(1 - e~AmT)(1 - e~AAr(7n+1)T) _ m(1 - e~A(m+1)T)(1 - e~ANmT)] 

p(1 - e~A(m+1)T)(1 - e~A7nT)(e~AN(m+1)T _ e~ANmT 

(1 - e~ANmT)(1 - e~AN(m+1)T) 

Let,t,ing denote t,he left-side ha,nd of (6.9) by Lr(m.) , 

L (O) Iim 1.7'(m,) O, 
m'-o 

L (oo) Iim Lr(m.) cA~d + INp ~ (1-P) ci2 

m-oo 
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Ta,ble 6.1: Optimal number m,' to mnnnuze C(m T N) fcn cl2 1/(AT) and cdT when 

p 0.9 and c7' O. 
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Therefore, if c_.(i/A+[N/(1 -p) - (1 -p)]cl2 > cr' there exrsts optmlal m which mmnmzes 

C(m,; T, N) . 

6.4 Numerical Examples 

We comput,e numerically a,n optimal number to perform type-1 inspection unt,il t,he 

next t.V. pe-2 inspe,ction, i..e., we cornpute numericall~. ･ an optima,1 number 'rT?* which 

minimizes the expected cost, C(m,; T, N) when F(t) I - e~At 

Table 6.1 presents the optimal number m* which minimizes the expected cost 

C(7n.;T, N) for 1/(AT) 300, 600, Cd.T 100, 500, 1000 and ci2 l, 2, 5, 10, 15, 

20, 25, 30 when p - 0.9 and cr O. It, is shown that, optimal number 7n.* increa,ses a,s 

Ci2 or l/(AT) increases and cdT decrea,ses. This indicates tha,t if' the cost ci2 of type-2 

inspec:t,ion is small, it, ¥vould be better to perform t~.rpe-2 inspection ea,rly. For cxa,mple, 

when ci2 - 15, 1/(AT) 300, cdT 100 a,nd p 0.9) t,he opt,ima,1 number is 'rn,* - 31. 

That is'_', ¥¥rhen the interval of type-1 inspection is T I day, ty. pe-9- inspection shoulcl 

be performed a,Imost every one month. 
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Ta,ble 6.2: Optimal number m' to mmnmze C(m T N) for p l/(AT) and cdT when 

ci2 10 and cr O. 
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Ta,ble 6.3: Optimal number m' to minimize O(m.; T, N) for N, 1/(AT), and cdT when 

ci2 - 10, cl' 100 and p 0.9. 
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Table 6.2 shows a,n opt,ima,1 number 7T~" which minimizes the expected cost C(7n; T, N) 

for 1/(AT) 300, 600, cdT 100, 500, 1000 and p 0.0r, 0.6. 0.7, 0.8, 0.9, 1.0 when 

Ci2 10. It is shown that the optima,1 number m.* increa,ses ¥vit,h proba,bility p. This 

indic.,a,t,es ¥vhen p is small,･ it would be better to perform t.V.. Pe-2 ins~'pection early. 

'Ta,ble 6.3 b･hows t,he optima,1 number 7n.' which minimizes the expected cost, CJ(rn,; 7', N ) 

for 1/(AT) - 300, 600, cclT 100, orOO, 1000 and N l, 9_, .3, 4, or, 10, Ior, 20, 25, 30, 

35, 40, 45, 50 ~vhen ci2 10? C1: 100 and p 0.9. This indi~,'a,tes tha,t, the optim'al Tn.* 

decreases wit,h' N, 'i.e., if N is la,rge, it, wou'Id be bett,er t,o p(-~rform type-2 inspection 

shorter. Furt,her, ¥vhen N incre~se, t,he increment of m,* decreasc. 

6 . 5 COncluSiOnS 

We have proposed the optima,1 repla,cement, policies for a, sy. st,em with two types of 

inspection. The sy. sten~ is replaced a,t the flnite N-th ty. pe-9- inspection, a,nd after that, 

it becomes like ne¥v. There might, exist some failures which can not be detected by 

type-1 inspect,ion and ca,n be det,ected only. by. t,y. pe-2 inspe,ction. This~' a,ssumption 

WOLllcl be rea,list,ic, a,nd the model is also simp'le. -

Using the opt,ima,1 policy in reliability theory, we have cleri¥red the expected c_:o,s't 

per unit, of t,ime 'a,nd ha,ve clis~'cus.s'ed analytically. the optimal inspect,ion policy which 

minimize it. '.Numerica,1 ex'ampfes ha,¥'e been given when t,he~, fa,ilure t,ime ciist,ribution is 

exp onential . 



Chapter 7 

Conclusions 

This t,hesis ha,s studied the optimal inspection and maintenance policies for high reliable 

systems. We. have suggested several useful models where syst,ems such a,s digita,1 control 

de¥'ices are checked by inspection. 

To prevent the a,ffect, of ' failures, inspection a,nd maint,enance should be done so 

frequently. . However, it might incur much loss cost, a,nd la,borious work to perform 

inspection and maint,enance. We have obtained the optima,1 policies analytically by 

ma,king a, trade-off between the loss cost of failures and the cost, of inspection. We. 

have considered one cycle a,s t,he time from the beginning of system operation to the 

det,ec,tion of failure. Using the reliability theory, ¥ve have obtained the mean time and 

the.tota,1 expected cost of one cycle, and the expected cost per unit of time. Further, 

¥ve ha,ve deri¥'e,d ana,ly. tically the optimal inspection a,nd ma,intenance schedules which 

minimize t,he,s_ e expected costs, and have given numerical examples of each model and 

ha,ve eva,lua,ted them t,o understa,nd the results ea,sily. . 

As a,n a,pplication for a,bove results, we have ma,inly discussed how to det,ermine. 

the schedules of self-dia,gnosis for digita,1 control devices. However, the results would 

be a,pplied to ot,her ins"pection and ma,intenance policies for actual systems such a,s 

indu,s tria,1 or po¥ver pla,nts, aircraft,s, a,nd so on. 
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Some valuable cont,ributions to the study of inspection and m.a,intenance policies in 

reliability theory have been made a,s follows: 

In Chapter 9-, we have derived the optimal inspection policies for a, two-unit system: 

The system firstly operates as a two-unit system and is checked by comparison-checking. 

When one unit fails, the system operat,es as a single-unit sy. stem and is checked peri-

odically by self-dia,gnosis. We have introduced the costs of one check for a two-unit 

system and for a single-unit sy. stem. In this model, we have proposed two models~' 

of comparison-checking model: (1) Cont,inuous compa,rison-checking model: When the 

system operates a,s two-unit syst,em, it is checked continuously. by comparison-checking. 

Thus, failures of a unit a,re detected immediatelY. . (2) Periodic comparison-checking 

model: ¥Vhen the s~. 'stem operates as a, two-unit syst,em, it is checked periodically by 

comparison-checking. It, is a,ssumed for simplicity that the interva,Is and periodic self-

diagnosis for a single-unit system are t,he same. We have derived the expected costs for 

each model, and ha,ve discussed the opt,imal inspection policies which rrLinimize them. 

When the fa,ilure t,ime ha,s an exponential distribution, numerical example,s' ha.s_' been 

shown for several para,meters. . 

In Chapter 3, we have given t,he optimal inspect,ion policies for a s~.'stem with self-

testing: The system ca,n det,ect its fa,ilure during its opera,ting state ¥lrithout, ext,ernal 

inspection. However, the syst,em ha,,s' t,he latency of detec,tion by. sel~tcsting, i.c., 

some failures might, not, be detected rapidly. Therefore, for the system required high 

relia,bility, it should be checked by external inspection at s_'c:heduled times. Thu,s', if the 

sy. stem fails, then it,s failure is detected by. self-test,ing or a,t, t,he next periodic inspection, 

whichever occur flrst. It has been shown that the self-detection ra,te pla~.'s a,n import,a,nt 

role for deriving optimal policies. W'e ha,ve proposed t,he pe_,riodic inspection model a,nd 

sequent,ia,1 inspection model. We ha,¥'e shown the optima,1 policies which minimize t,he. 



CHAPTER 7. CONCLUS'IONS 85 
expected c.osts, and have computed the numerical examples f'or each model. 

In Chapter 4, we have given the optimal maintenance and inspection policies for a 

finite interval: In a,ctual fields, most systems have a finite spa,n of use. In this chapter, 

we have used the pa,rtition method for this problem, where a, flnite interval' is divided 

int,o equal parts of maintena,nce or inspection. Opt,irnal policies which minimize t,he 

expect.ed costs of periodic repla,cement with minimal repair, block repla,cement, simple 

replacement and inspection policy for a finite interval have been derived. It has been 

shown that three replacement models are summarized on a, general form. Further, we 

have given numerica,1 examples of each model and have eva,luated theIIL to understand 

t,he result easily. . 

In Cha,pter 5, we have given the optimal inspection policies for ~ systerrL which is 

checked by two types of inspection: T~..pe-1 inspection has lower cost for one check 

than the cost of type-2 inspection. Hence, type-1 inspect,ion checks the system more 

frequent,ly than type-2 inspection. However, there exist some fa,ilures which can not 

be detected by. type-1 inspection a,nd can be detected only. by type-2 inspection. We 

h･ave derived analytically the optimal number to check t~,.･pe-1 inspection until the next 

t,~. .pe-2 inspection. It ha,s shown from numerical exarrLples tha,t t,he optimal number of 

type-1 in,s_ pect,ion until the next type-2 inspection decreases wit,h proba,bility I - p. 

In Cha,pt,er 6, we have given the replacement, polic~. ' for the sa,me inspection model 

a,s Cha,pter 5: Type-1 inspection has the lower cost, for one check tha,n the cost of 

t~.'pe-9- inspection. Hence, type-1 inspection checks the sys~'t,em more frequently t,han 

t,ype-2 inspection. Ho¥vever, t,here exis~'t some failures which can not, be detect,ed by 

ty. pe-1 ins_pec,t,ion a,nd ca,n be detect,ed only by. t~~rpe-2 inspection. In this chapter, 

we have s_'upposed the sy. stem is replaced at the specified N-th t,ype-2 inspection, or 

the time at which its fa,ilure is detected by. inspection, whichever occur flrst. ¥1¥re. have 
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derived ana,lytically the optimal number to check type- I inspection until the next type-2 

inspection. 

In this thesis, we have studied the optimal inspection and maintenance policies for 

high reliable systems such a,s digital cont,rol devices. We have analv. zed their reliability 

characteristics, and have established new and a,da,pt,ed policies. Using the results and 

techniques derived in this thesis, t,hese policies would be modifled and developed, and 

be a,pplied a,ctua,lly t,o many pract,ica,1 sy. st,ems needed for inspection. 
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