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On Complex Analytic Mappings into Compact Riemann Surfaces
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Abstract. We consider the complex analytic mappings of the Riemann surfaceĈ−E into the compact Riemann

surfaceSof genusg≥ 2, whereĈ is the extended complex plane andE is a totally disconnected compact set in the

complex plane. We show that there exists no non-constant complex analytic mapping ofĈ−E into S under some

condition not depending on the logarithmic capacity ofE.

1. Let E be a totally disconnected compact set in the complexz-planeC and letR be the complimentary domain̂C−E

with respect to the extended complex planeĈ. We consider the complex analytic mappings ofR into Sa compact Riemann

surface of genusg≥ 2. According to Tsuji[10], if the logarithmic capacity ofE is equal to 0, there exists no unramified

complex analytic mapping ofR into S. Further, according to Nishino[7] and Suzuki[8], if the logarithmic capacity ofE

is equal to 0, there exists no non-constant complex analytic mapping ofR into S. In this paper, we shall show that, ifE

satisfies some appropiate condition, which is not depending on the logarithmic capacity ofE, there exists no non-constant

complex analytic mapping ofR into S. The method used here is the one given by Carleson[1] and Matsumoto[5].

2. Let E, RandSbe as in1. Let{Rn} (n= 0,1,2, · · ·) be an exhaustion ofRwith an additional condition such that each

componentRn,k (k = 1,2, · · · ,kn) of Rn− R̄n−1 is doubly connected and branches off into at mostρ (ρ ≥ 1) components

of Rn+1− R̄n. We denote byµn,k the harmonic modulus ofRn,k and setµn = min
k=1,···,kn

µn,k. In these settings, we can state

our theorem as follows.

Theorem. If lim
n→∞

µn = ∞, then there exists no non-constant analytic mapping ofR into S.

For the proof, the following lemma is essential.

Lemma. Let f (z) be a complex analytic mapping ofG = {1 < |z| < eµ} into S. Then, the lengthL of the image

f (|z|= e
µ
2 ) with respect to the hyperbolic metric onS is dominated by

2π2

µ
.

Proo f. Let dσG anddσS be the hyperbolic metrics onG andS induced by the Poincaré metric
2

1−|ζ |2 |dζ | on the unit

disk |ζ |< 1 respectively. Then, we have

dσG =
π

µ|z|sin( π
µ log|z|) |dz|.

According to the decreacing principle of the hyperbolic metric, we havef ∗dσS≤ dσG, where f ∗dσS is the induced

metric ofdσS by f (z). Therefore, we have

L≤
∫

|z|=e
µ
2

π
µ|z|sin( π

µ log|z|) |dz|=
∫ 2π

0

π
µe

µ
2 sin( π

µ loge
µ
2 )

e
µ
2 dθ =

2π2

µ
.
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Proo f o f the theorem. Let {Rn} be an exhaustion ofR. We may prove the theorem, without loss of generality, under

the assumption thatR0 is simply connected and each componentRn,k(k = 1, · · · ,2n) branches off into two components

Rn+1,2k−1 andRn+1,2k. Now, let f (z) be a complex analytic mapping ofR into S. Accoding to the above lemma, asRn,k is

conformally equivalent to the anulusG = {1 < |ζ |< eµn,k}, there exists a simple closed curveΓn,k in Rn,k corresponding

to the curve|ζ |= e
µn,k

2 such that the hyperbolic lengthLn,k of the imagef (Γn,k) is dominated by
2π2

µn,k
.

We denote by∆n,k the triply connected domain bounded byΓn,k, Γn+1,2k−1 and Γn+1,2k and consider the analytic

mappingf (z) in ∆n,k. By the condition of the theoremlim
n→∞

µn = ∞ and the estimate of the lemmaLn,k ≤ 2π2

µn,k
≤ 2π2

µn
, we

can take an integern0 sufficiently large so that forn≥ n0 the imagesf (Γn,k), f (Γn+1,2k−1) and f (Γn+1,2k) are contained in

some sufficiently small schlicht hyperbolic disksDn,k, Dn+1,2k−1 andDn+1,2k in Srespectively. We callf (z) nondegenerate

in ∆n,k if f (z) takes the values outside ofDn,k∪Dn+1,2k−1∪Dn+1,2k and we callf (z) degenerate in∆n,k otherwise.

We shall show that the nondegenerate case cannot occur forn≥ n0. We suppose thatf (z) is nondegenerate in∆n,k

for somen≥ n0. In the case whereDn,k, Dn+1,2k−1 andDn+1,2k are mutually disjoint, we can take thep-ply connected

closed domainK0 in ∆n,k which is mapped properly onto theq-sheeted covering surface ofS−Dn,k∪Dn+1,2k−1∪Dn+1,2k.

According to the Hurwitz formula, we havep−2 = q(2g+ 1)+ v, wherep−2 and2g+ 1 are the Euler characteristics

of K0 andS−Dn,k∪Dn+1,2k−1∪Dn+1,2k respectively andv is the sum of orders of the multiple points inK0. Therefore,

takingg≥ 2 into account, we havep≥ 5q+2. On the other hand, the boundaries ofK0 are mapped on the boundaries of

S−Dn,k∪Dn+1,2k−1∪Dn+1,2k, so that we havep≤ 3q, which is a contradiction. In the case where one ofDn,k, Dn+1,2k−1

and Dn+1,2k, sayDn,k, and the union of the other twoDn+1,2k−1∪Dn+1,2k are disjoint, we take a hyperbolic diskD0

containingDn+1,2k−1∪Dn+1,2k and apply the same argument. Taking thep-ply connected closed domainK0 in ∆n,k which

is mapped properly onto theq-sheeted covering surface ofS−Dn,k∪D0, we havep−2 = q(2g)+ v, wherep−2 and

2g are the Euler characteristics ofK0 andS−Dn,k∪D0 respectively andv is the sum of orders of the multiple points in

K0. Therefore, we havep≥ 4q+ 2. On the other hand, we havep≤ 2q, which is a contradiction. In the case where

Dn,k, Dn+1,2k−1 andDn+1,2k are not disjoint, we take a hyperbolic diskD0 containingDn,k∪Dn+1,2k−1∪Dn+1,2k and apply

the same argument. Taking thep-ply connected closed domainK0 in ∆n,k which is mapped properly onto theq-sheeted

covering surface ofS−D0, we havep−2 = q(2g−1)+v, wherep−2 and2g−1 are the Euler characteristics ofK0 and

S−D0 respectively andv is the sum of orders of the multiple points inK0. Therefore, we havep≥ 3q+2. On the other

hand, we havep≤ q, which is a contradiction.

The above argument shows thatf (z) is degenerate in∆n,k for all n≥ n0. We take∆n0,k and connect∆n0+1,2k−1 and

∆n0+1,2k with ∆n0,k in the universal covering surface ofS. Further, we connect∆n0+2,4k−3 and∆n0+2,4k−2 with ∆n0+1,2k−1

and connect∆n0+2,4k−1 and∆n0+2,4k with ∆n0+1,2k in the universal covering surface ofS. Continuing this process succes-

sively, we can see thatf (z) is a complex analytic mapping of the end ofR bounded byΓn0,k into the universal covering

surface ofS. Mapping the universal covering surface conformally onto the unit disk, we obtain a bounded analytic func-

tion in the end ofR bounded byΓn0,k. According to the Pfluger-Mori criterion, the subsetEn0,k of E contained inΓn0,k is

the set of removable singularities forf (z) (k = 1, · · · ,2n0). Therefore,f (z) is a complex analytic mapping ofĈ into Sand

becomes a constant.

3. We shall give some examples for which the above theorem is applicable and also consider the relation among the

existence of non-constant complex analytic mappings ofR into S, the existence of transcendental meromorphic functions

onRwith three Picard exceptional values and the existence of transcendental meromorphic functions onRwith five totally

ramified values.

Example 1. Let E be a Cantor set with successive ratios{ξn}. If lim
n→∞

ξn = 0, then the condition of the theorem is

satisfied forĈ−E, so that there exists no non-constant complex analytic mapping ofĈ−E into S. As the condition of the

logarithmic capacity ofE being equal to 0 is
∞

∑
n=1

logξ−1
n

2n = ∞, we can give a Cantor setE of positive logarithmic capacity

for which there exists no non-constant complex analytic mapping ofĈ−E into S. Further, according to the results of
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Matsumoto[6] and Toppila[9], taking a Cantor setE satisfying lim
n→∞

ξn+1

ξn
= 0, we can give the Cantor setE for which

there exists no transcenental meromorphic function onĈ−E with three Picard exceptional values and no non-constant

complex analytic mapping of̂C−E into S.

Example 2. (cf. Matsumoto[4]) Letl0 > l1 > l2 > · · · (l0 <

√
3

2
, ln+1 <

ln
3

) be a sequence of positive numbers

satisfyinglim
n→∞

ln+1

ln
= 0. We denote byA(r1, r2, r3) the surfacêC−

2⋃

k=0

{|z−e
2kπ
3 i |< rk+1} and byBk(r1, r2) the surface

{r2 ≤ |z−e
2kπ
3 i | ≤ r1} with a slit joining (1+ 2

3r1− r2)e
2kπ
3 i and(1+ 2

3r1 + r2)e
2kπ
3 i (k = 0,1,2). Let F0 be the surface

A(l0, l0, l0). We connectBk(l0, l1) (k = 0,1,2) with F0 and denote the resulting 6-ply connected surface with three slits by

F1. Further, connectingBk(l1, l2) (k= 0,1,2) with F1, we connectB0(l0, l1)∪B0(l1, l2)∪A(l0, l1, l1)∪B1(l1, l2)∪B2(l1, l2),

B1(l0, l1)∪B1(l1, l2)∪A(l1, l0, l1)∪B0(l1, l2)∪B2(l1, l2) andB2(l0, l1)∪B2(l1, l2)∪A(l1, l1, l0)∪B0(l1, l2)∪B1(l1, l2) with

F1∪B0(l1, l2)∪B1(l1, l2)∪B2(l1, l2) crosswise across the three slits joining(1+ 2
3 l0− l1)e

2kπ
3 i and (1+ 2

3 l0 + l1)e
2kπ
3 i

(k = 0,1,2). We denote the resulting 24-ply connected 4-sheeted covering surface ofA(l2, l2, l2) with 12 slits byF2.

Continuing this process successively, we obtain the6·4n−1-ply connected4n−1-sheeted covering surfaceFn of A(ln, ln, ln)

with 3 ·4n−1 slits and we denote the limit surface ofFn by F . Here, as the surfaceF is of planar character, by taking a

suitable totally disconnected compact setE, we can map the surfaceF conformally ontoĈ−E. By the construction of

the surfaceF , there exists a transcendental meromorphic function onĈ−E with three Picard exceptional values and as

the condition of the theorem is also satisfied forĈ−E, there exists no non-constant complex analytic mapping ofĈ−E

into S.

Example 3. (cf. Hashimoto-Matsumoto[2]) Letl0 > l1 > l2 > · · · be a sequence of positive numbers satisfying

lim
n→∞

ln+1

ln
= 0. We denote byC(r1, r2, r3, r4, r5) the surfacêC with five slits joininge

2kπ
5 i and(1+ rk+1)e

2kπ
5 i (k = 0, · · · ,4).

Let F0 be the surfaceC(l0, l0, l0, l0, l0). We connectC(l0, l1, l1, l1, l1), C(l1, l0, l1, l1, l1), C(l1, l1, l0, l1, l1), C(l1, l1, l1, l0, l1)

andC(l1, l1, l1, l1, l0) with F0 crosswise across the five slits joininge
2kπ
5 i and(1+ l0)e

2kπ
5 i (k = 0, · · · ,4) and denote the

resulting 20-ply connected 6-sheeted covering surface ofĈ with 20 slits byF1. Continuing this process successively,

we obtain the5 ·4n-ply connected(5
3(4n−1)+ 1)-sheeted covering surfaceFn of Ĉ with 5 ·4n slits and we denote the

limit surface ofFn by F . As the surfaceF is of planar character, taking a suitable totally disconnected compact setE,

we can map the surfaceF conformally ontoĈ−E. By the construction of the surfaceF , there exists a transcendental

meromorphic function on̂C−E with five totally ramified values and as the condition of the theorem is also satisfied for

Ĉ−E, there exists no non-constant complex analytic mapping ofĈ−E into S.

It is not known whether there exists a totally disconnected compact setE, for which there exists a non-constant analytic

mapping ofĈ−E into Sand for which there exists no transcendental meromorphic function onĈ−E with three Picard

exceptional values or with five totally ramified values. In this respect, we remark that there exists a Riemann surfaceR

of infinite genus and with one ideal boundary, for which there exists a non-constant analytic mapping ofR into Sand for

which there exists no non-constant meromorphic function onRwith three Picard exceptional values (cf. Ozawa[3]).
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