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00 the Method of Approxi醐 ateSolutions of Equations 

Combined the Bisection Meihod with. the Regula四 FalsiMethod 

ニ分j去と割線法の併用による方程式の近4誤解法について

Yukari HAYASHI t and Isao HIGUCHド

林由加手lJ 撞口功

Abstract. As the m巴thodof finding the approximate solution of the equation 

f(x) = 0ラ thebisection method and the r，仰la~falsi method are well known町

Making use of the above two methods simultaneously， we shal1 introduce 

new methods of the approximate solution prepared with the certainty of 

convergence of the bisection method and the speed of convergence of the 

reKu/a~f'a/si method at the same time 

1園 Introduction.

13 

Let f (x ) be continuous on the closed interval [仏b]. ln this study we should like to introduce a new 

methods of giving the 叩proximatesolution 0ぱft出heeq中u幻仙10叩nf(りx)二 O，a叩pplic叫ca油blet旬oc∞ompu凶te釘rc印alcu凶山latω 

W附he叩nf(ωx刈)i凶spo吟l片y戸附no伽ml廿ial，w附巴 c叩a加n白制n吋dt恥het町叩問e叫 u叩t白10鵬nse悶aお悶副叫s叫均il均l砂yb防'yt批he巴f批配制t加ぽ叩i酬 O叩noぱff(収仲x刈)• In t批hecase 

that the function f (x) can 't be f;恥torized，and that f ( x ) be叫 onome住民叫onentialor logarithmic加はlonヲ

the finding solution is much more di伍cult. So we must use the computer to search for the approximate solutions 

As the approximate calculation， the bi.sectum method.ヲ thesecant method and Newton訟methodare well known. 

With respect to the bisection method， the convergence of approximate sequence is proved using the convergent 

theorem ofbounded and monotone sequence. But the speed of convergence is slow in general 

lt is well known that the convergence of the secant method is faster in many cases than that of the bisection 

method. On the other hand， the assurance ofthe convergence ofthe secant method can't be proved in general. 

As the Newton's method、theproof of convergence is done by using， for exampl巴， the principle of contraction 

mapp時 間derthe additional conditions on the s剖mo

In ou町rs旬d骨y，w巴 try tωo us臼eb恥ot出hmethods 0ぱfbisection and of the regu/，ωα眉f向b以1:九h加‘s幻ちYりdsimultaneously. We introduce a 

methods of giving the approximate solutions prepared with the certainty of the convergence of the bisection method 

and the rate of convergence of the regula-falsi method at the same time 

4・thyear白 student，Department ofInfonnation Network Engineering， Aichi Institute ofTechnology 
Science Division， General Education Centerラ AichiInstitute ofTechnology 
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2. Preliminaries. 

Let f(x) be co山 m肌 18on [α，b] satisfシI時 f(α).f(b)< O. By the me阻 valuetheorem， the exits剖

least one point αε [a，b] such that f(α) = O. B凶 theconcrete value of αis unknown. So we need 

to find the approximate solution of f(x) = 0 instead of true solution α. 

2.1 Bisection method. 

Algoritbm of the bisection method. 

1. We find the interval [aラb]such tl凶 f(α).f(b) < 0 

。+b
2. Put C二一一一一一

2 

3. (1) When f(c). f(α) > 0， 

(α=c 

b=b 

(ii) When f( c). f(α) < 0 

(。=α

bニ C

(iii) When f(c) = 0， c is耐由sireds伽

Repeating the procedures 1~3 ， we have sequences [anラbn] of intervals and { cn} of approximate solut悶 1S

satls令mg

fan 三五 cnz五bn

(2圃 1) イ 1
Ibn -an =示。-α)

Then c = lim cn coincides with the true叫 utionof f(x) = 0 

Remark. The sequences {αJ，{bn}} are bOUl由dand monotone. So， by the co町 ergenceilieorem of 

Weierstrass， we can prove that {a n} and {b n} are converge凶PutAニ liman 叩 dB = limbn . Then 

we have A = B by (2・1). By virtue of the inequalities an孟Cc三bn ' we can see伽 tthe sequence { C n } 

also convergent and也atC = A = B ， where C denot田 thelimit of {Cn}. 

We empha幻zehere that出eapproximate叫 uenceof f(x吟)= 0 0油bt加a創1鵬I

f伽O町r肝町c∞削ont叩m削 uo側u山s加は叩山iぬO叩nf(ω x功) 
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2-2 九1ethodof regula噸 faisi.

Algorithm of the method of regula-faisi. 

1. We find the interval [a， b] such that f (α).j(b)<O 

2. The叩 ationof8t叫 ht1町 011叫 2points (a，j(α))， (b，j(b)) 

is as follows 

Let c be the intersection point of the above 

Line and X-axis目 Then
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_ aj(b) -bj(α) _ j(α) 
C-=α-(b-o)  

j(b)-f(α) j(b)-f(α) 

3. (1) When f(c). f(α)> 0 

(α=c 
b=b 

(ii) When f(c).f(α)<0 

(α=a 

b=c 

(iii) When f(c) = 0， c is the 由sired山 tionof j(x) = 0 

Repeating the procedures 1 ~3 ， we have sequences [an， bn1 of intervals and {Cn} of approxim蹴 801ution

saIls命m

(2・2)
CGnf(bJ -bnf(αn) 

n f(bn)-f(an) 

(2・3)
f(αn) 

=α-(b-Gn)  
f(bn) -f(αn)"  

(2・4)
f(bn) 

b" - "'" J， '-n~. ， (bーα)
f(b.，) -j(αn) 

(2・5) 。n< Cn < bn 

Under some additional conditions on白 smoothnessof f(x)， we can prove that {Cn} converges to the加 E

solution of f(x) = O. But we can't prove the convergence of approximate sequ叩 cefor general continuou 

function. 
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3. Method (1) of approxi醐 atesolution combined the bisection method wifh the method of 

regula -falsi. 

Algorithm of the combined method (1). 

Weco悶 deronly the case that f (α)<O<f(b) 

Step 1. 

/(α) 
utβF=α-(b-o)  

f(b) -f(σ) 

2. (i) When f(月)> 0ヲ put

(GJニ G
bJ=βlF 

(ii) When f(月)< 0， p阿凶

(可
b{ =b 

(iii) wh叩 f(βn二 0，βisthe desired solution of f (x) = 0 

~ a: +b，' 
3. Put fj， =_1一一よ

， ， 2 (first approximate solution). 

(i) When f(月)> 0， put 

] -....] 

b] =βl 

(ii) When 六月)< 0， put 

b] =b{ 

。ii) When f(月)= 0， β] is the desired叫 utionof f(x) = 0 and we have 

l寸b] -a] = : (b{ -a{) <ー (b-α)
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Step 2. 

月 l f(αl)1 1 
2 -αl-(bl-GI) 
ム ， f (b1 ) -f (a 1) " ， 

2. (i) When f(月)> 0， pぽ

(いl

b;=β; 

(ii) When f(β~) < 0， put 

(叫
b;=bl 

(iii) When 六月)= 0， β~ is the desired山 tionof f(x) = 0 

_ a~ + b~ 
3. Put fJ2 =ょ τ-ι(thesecond approximate叫 ution)

(i) When f(s2) > 0， put 

b2ニ iち

(ii) When f(広)< 0， put 

b2 = b~ 

(iii) When f(β'2) = 0，β2 is the desired solution of f (x ) = 0 sati均mg

|4AT 
b2一円 =~ (b~ -an < "'-<2 (bーα)

Step n. 

Repeati昭 theprocedures， we have the n-the叩proximatesolution βn satIsfシm

(3-1) (α寸
ι-Gn= (町 -a~) くす(b-a)

17 
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4. Convergence of the approxi踊 ateseq悶enceobtained. by the combined method (1). 

In the紅 gumentof classical sec叩 tmethod or the method of regula拘Isi，thel imit of appro氾 matesequence 

{ り does not r 問 ssarily exist. Bu凶帥tb防you町rrlTτm酬etl拙仙ho叫od(1)， tl 

c∞on町ve略培E捌n凶tt旬ot恥he加 es叫olu凶t位10叩noff(付ωx刈)= O. Ind由巴閃B吋dw附岳 ha抑V四et批he巴f必削削0110側wm時g 

Theorem 1. Let f(x) be a continuousβmction on a closed interval [a， b] Suppose that 

f(4αr). f(b)くo，向 the叫 uence{s，みぜ αrpproxlm仰 solutionsobtained by the comb附 method(1)， 

co附 ergesαlwaysto the true solution 0/ the equαtion f(x) = O. 

Proof. When f (α) < 0 < f (b ) ， we have 

α三五a，~手仏三五・・・三五 α 三三@・・ <b豆..・ 2五ι三五b，三五b
J - --L - - --n - - -n - - -L. - -1 

Then {ι} is bounded above and monotone incr~asing and伽 efo民 byvirtue of W，蜘strass偽記O間 m，

A = lim an exists. Similarly， Bニ limιalso巴xists. Then 

1 
0豆B-A = lim(bn -an)豆lim-7(b-G)=Oandtherefore A=B 

L 

Byv岡田 ofthe continuity of f (x) ， we have 

f(A) = limf(an)豆0

f(B) = limf(bn)ミO

and hence f(A) = f(B) = 0 

By the inequalities an壬βn壬bnin (3ー 1)， we have Aニ liman豆limsn豆limbn=B=A

Thereforeβ ニ lim広 巴 幻stand the equalitiesβ = A = B and f(β)=f(A)=O hold 

Consequently {β'n}∞nverges to the true solution βof f(x) = 0 

B助yt恥he巴samem醐飢 w附 ec叩組砧伽op戸r附 ou削1

Thus the児epr叩O∞Oぱfoぱfou町1汀rtheorem is completed.菌

Remark.百leconvergence of approximate sequence by the method of regula-falsi isn't be proved in general 

B凶， adopting our method (1)， we can add to the method of regula-falsi the ass町田ceof the convergence of 

approximate間 quenceof the equation f (x)ニ ofor肝町continuous加はionf(x) 
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5. Method (2) of approxi醐 atesolution combined the bisection method with the method of 

regula同 falsi.

Aigorithm of the combined method (2). 

It 8U伍cesto consider the case that f (α)<O<f(b) 

Step 1. 

。+b
1. Put C =一一一一ー

2 

2. (i) When f(c). f(α) < 0， putαl=Cラ b1= b 

(ii) When f(c).f(α) > 0， put a1 =αラ b1= C 

(iii) When f(c) = 0， c is the desired solution of 

3. We denote by Yl the approximate solution satisfYing (2-2)~(2同5) for a1 and b1 satifシmg

αaf(b1) - b1fCαJ 
(5ぺ) Yl = “ ι 五且

f(b1) -f(a1) 

f(a1 ) 

(5・2) Yl = α1 ー ~(bl-al)
. ， ， f (b1 ) -f (α1) " ， 

f(b1) 
(53)Y1=bl-i(bl-Gl). 

， ， f(b1)-f(α1 )ι1  

Then we have 

。1<Yl <b1 

f(α1) < 0 < f(b1) 

い 1=jM



20 愛知工業大学研究報告，第 36号A，平成 13年. Vol. 36-A， Mar， 2001 

Step 2. 

1目 (i) When f(Y1) > 0， p凶 α2T=ol 叩 db2 '= Y1 . 

(ii) When f(Y1) < 0， put G2 '= Y1 叩 db2'= b1・

(iii) When f(Y1) = 0， Y1 is the desired solution of f(x) = 0 

(iv) 

G， '+b，' 
2. Put ι=一二一一二一

ム 2

(i) When f(c2 ') > 0 ラ puta2 =α2' and b2 = C2 ' 

(ii) When f(c2')<O， put a2 =C2' and b2 =b2'. 

(iii) When f(c2 ') = 0， c2' is the d印 刷solutionof f(x) = 0 

3. We denote by Y 2 the third approximate solution satis今ingfor (5・1)-(5圃 3)for a2 and b2 

Then we have 
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Step n. 

Repeating the procedures， we obtain the n-th approximate solution Y n and the interval [Gnラbn]satisfyin 

αn < Yn < bn 

(5-4) イf(αJ<O<f(bn)

ι-an <去川
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6 . Convergence of approxi珊 ateseque阻ceobtained by the combined method (2) 

In this section， we should like to show that the approximate sequence by the method (2) converges for every 

continuous function 

Theorem 2. Let f(x) be仰 ltinuouson [a，りS仰 ose伽 tf(α).f(b)<O，伽 n{r n }， the sequen 

ofα'PproXlmαte solutions obtαined by the method (2) conve理由 tothe trne sol山 onof f(.χ:) = 0 for eveη1 

continuo民 functionf(χ〉

Proof. Suppose that f (α) < 0 < f (b) . We denote by {[ an， bn]} the intervals satis骨1時 theinequalities 

αn<rn<bn 

(5-4) イf(αn)<O<f(bn)

い n <去M

and the inequahties 

α三五αj'豆町三五・・@三五an三五 .... .. <五bn~五・・・ 2五 b2 豆 bj ;豆 b

Then {引 isbounded伽 vea耐 non伽 le11悶 a叫 a耐 herefore，by vi巾 eofthe cor附 ge聞社leoremof 

We町 stra民 A= liman exists. Similarか，B = limbn also exists. Then 

This implies that A = B 

。豆 B-Aニ li叫i

By the continuity of f (x) ， we have 

f(A) = limf(aJ亘O

f(B) = limf(bn)孟O

and hence f(A) = f(B) = 0 

By the inequalities an <九<bn， we have also A = liman ~五 lim九三五 limbn= B 

r = limr n exist and is equal to both A and B. And further we obtain 

r = lim r n = A = Bラ

f(r) = f(A) = f(B) = 0 

Thus r = 1 im r n is the desired加 esolution of f(x) = O. 

By the same way， we c四 alsoprove our theorem in the case that f (α) > 0 > f(b). 

This completes the proof.富

Therefore， 



22 霊知工業大学研究報告.第 36号A.平成 13年 VoL36・A，Mar， 2001 

7. The acceleration of convergence of approxi臨 atese司ue阻ceobtained by the mdhod (2). 
Finally we shall show that the speed of convergence of our method (2)， is faster than that of 

the bisection method. 

Theorem 3. Let f(x) be in the class c2[aラb]. Suppose that f (α) . f (b ) < 0 and f' (x) =f. 0 

In (a， b) . Then the speed of the cor問 genceofthe叫 le悶 {Yn}蜘 inedby our捌刷(2)

is faster th皿 thatof the bisection me白od.. 

Proof. The 任 thappro氾matesolution Y n satisfies the品llowingequalities 

f(αJ 
=α-(bn- o )  

f(bJ -f(aJ ' " 

/(αn) 
ニ G-(bn-o)(¥圃meanvalue theorem) 

f'(cJ(bn -an)' " 

Then 

Hence 

一 _ f(αJ 
一-~ n f'(cn) 

一月 f(αn)-f(α) 
一一

f'(cJ 

yα ニ a_-a-f(aJ-f(α) 一 一α-
f'(cn) 

_ ~ ~ f'(dn)(αn一α)
日一一-

f'(cJ 

==(αn 一 a)~ 1-ι叫
l f'(cJ J 

=企二竺{f'(cn)-f'(dJ} 
f'(cJ 

=宣二三/吋qJ(cn-dn) 

f'(cn)V '"" 

lヤYn一寸αalド=ρ白叫叫斗11レlaα凡n一α牛11ド仇|ドιCらn一イdι併n
f'(ヤcJI

い叫t句y去自|伊トい川一寸αal……一
1i肱加刷i立町m吋I町m吋n司11いαn 一αalト==0， c刈川c∞仰Oωns附l悶s明叩u悶悶en削 he伽 ve引 1鵬I

the b刷IS問ecは凶t“10叩nmethod量

(γf(α)==の

(mean value theorem) 
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